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Abstract

We introduce pricing formulas for competition and collusion models of two-sided markets
with an outside option. For the competition model, we find conditions under which prices and
consumer surplus may increase or decrease if the outside option utility increases. Therefore,
neglecting the outside option can lead to either overestimation or underestimation of these
equilibrium outputs. Comparing collusion to competition, we find that in cases of small cross-
side externalities, collusion results in decreased normalized net deterministic utilities, reduced
market participation and increased price, on both sides of the market. Additionally, we observe
that as the number of platforms increases in the competition model, market participation rises.
Profits, however, decrease when the net normalized deterministic utility is sufficiently low but
increase when it is high. Furthermore, we identify specific conditions that quantify the change
of price and consumer surplus when the competition increases.
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1 Introduction

Platform businesses have immensely grown in the last several decades due to the widespread adop-
tion of communication technologies.1 For example, the sales of Amazon, which is a platform, have
grown from $148 millions in 1997 to $386 billions in 2020 (Wells et al., 2021). Platforms facilitate
the interaction between different types of users, such as buyers and sellers (Amazon and eBay),
drivers and riders (Uber and Lyft) and content creators and consumers (YouTube, Twitch and Spo-
tify). Their business model has become very popular, but its careful study is still in an early stage,
where the first research works are from the beginning of this century (see, e.g., Rochet and Tirole
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(2003) and Caillaud and Jullien (2003)). There are still many open questions and, in particular, a
complete model of platform competition is still far from reach.

A common yet limiting assumption in platform modeling is full market coverage, meaning that
in equilibrium all users join at least one platform. While this assumption is strong, most models
incorporate it because it leads to explicit equilibrium pricing formulas (see, e.g., Tan and Zhou
(2021)). In this work, we relax this assumption by considering a model in which N horizontally
differentiated platforms compete across two market sides—buyers and sellers (collectively referred
to as users)—who can either join one of the platforms (single-homing) or choose not to participate,
a choice referred to as the outside option.

Dating apps offer a clear example of a market with a significant outside option and platform
competition. Many users still prefer traditional, non-priced methods of meeting partners—such
as through friends or at school—underscoring the importance of the outside option. This market
also includes numerous competing platforms. While users typically multi-home across apps (see,
e.g., the last table in SSRS (2024)?), some platforms encourage behavior closer to single-homing.?
For tractability, some economic models assume single-homing in this context (see, e.g., Gal-Or
(2020); Halaburda et al. (2018)). We thus use this market to ground some of our theoretical results.
Ride-sharing services (e.g., Uber and Lyft) offer another example of a market with a strong outside
option—public transportation, scooters, or e-bikes—but with pronounced multi-homing, as users
switch between platforms depending on availability, pricing, or convenience.

We develop pricing formulas for our model and express them in terms of the equilibrium nor-
malized net deterministic utility that platforms provide to users, i.e., the difference between the
deterministic utility of users joining one platform and the deterministic utility of the outside op-
tion. This allows us to transition from a space of prices to a space of utilities in the spirit of
Armstrong and Vickers (2001).

We utilize these pricing formulas to study competition and collusion between platforms with
an outside option. We first establish sufficient conditions for the existence and uniqueness of a
symmetric Nash equilibrium and a collusive equilibrium in this setting. We further show that under
small cross-side externalities,* the normalized net deterministic utilities and market participation
are smaller in collusion than in competition; furthermore, the prices on both sides are bigger in
collusion than in competition. We also study the effect of increasing competition on the outputs of
the competitive Nash equilibrium. In this case of increasing competition, we specify regimes for
the decrease or increase of both prices and consumer surplus (these regimes depend on the size of
the user’s heterogeneity in tastes, the number of platforms and the size of network externalities).
We demonstrate how these results can shed light on the pricing strategies observed in dating apps
and how they change depending on the heterogeneity of the population and the size of network

2The table shows the percentage of people in different age groups who have ever used specific dating sites or apps
among those who have used any dating site or app. It indicates that, on average, individuals have used about two
different apps, with this average decreasing with age. However, since people may use different apps at different times,
the number of apps used simultaneously is likely lower.

3For example, Hinge markets itself as “designed to be deleted,” while loyalty-encouraging subscription models,
like Bumble Boost, and curated apps, like The League or JDate, may encourage users to stick with a single app.

4Cross-side externalities capture the benefits that users on one side of the market derive from interaction with users
on the other sides of the market. When these externalities are positive, platforms are confronted with the “chicken &
egg” problem: to attract buyers, the platform must have a large base of sellers, who will join the platform if and only
if there are many buyers in the platform (see Caillaud and Jullien (2003)).



externalities.” We further show in this case that market participation always increases, and profits
decrease if the net normalized deterministic utility is sufficiently small and increase if the net
normalized deterministic utility is sufficiently large.

The size of the outside option determines the sign of the net deterministic utility in a nonlinear
fashion. Indeed, we show that there exists a critical threshold for the deterministic outside option
utility such that above this threshold users only receive negative deterministic utility, and below this
threshold the sign of the net deterministic utility depends on the relative size of the heterogeneity
in user’s tastes versus the within-side externalities.

Moreover, we show that when the outside option increases, prices and consumer surplus may
increase or decrease, based on the relative size of the heterogeneity in user’s tastes versus the
within-side externalities. In particular, we show that a model of platform competition that omits
the outside option may overestimate or underestimate the true equilibrium price.

Our pricing formulas imply the following standard results for platforms, accounting for an
outside option (see further references and details in Section 3): (i) platforms hold market power
and charge users in a way that is directly proportional to user’s heterogeneity in tastes; (ii) if the
within-side externalities® are positive, platforms subsidize users on one side of the market by an
amount that is proportional to the joining population on this side of the market; (iii) if the cross-
side externalities are positive, platforms subsidize users on one side of the market with an amount
proportional to the joining population on the other side of the market. The alignment of our results
with existing ones suggests that the standard platform pricing strategy can be more general than
previously understood.

Related Literature. The study of two-sided markets has emerged in the last few decades.
The earlier works of Rochet and Tirole (2003, 2006), Caillaud and Jullien (2003) and Armstrong
(2006) laid out the modeling foundations of two-sided markets with network externalities. These
works shed some light on how equilibrium outputs of platform competition and platform monopoly
depend on: (i) the size of the network externalities relative to user’s heterogeneity in tastes; (ii)
users being able to join either one or two platforms (i.e., having a single-home or multi-home
option). Weyl (2010) and White and Weyl (2016) placed an emphasis on platform competition
with insulated tariffs, which allow platforms to choose participation rates rather than prices.

Tan and Zhou (2021) modeled competition between N > 2 platforms serving multiple sides of
a market. In this setting, customers are heterogeneous and modeled through random idiosyncratic
preferences. Under general conditions for the probability distribution of idiosyncratic preferences,
they characterized a symmetric subgame perfect equilibrium. Our model generalizes their ap-
proach by incorporating an outside option and conducting an extensive analysis for specific prob-
ability distributions. This generalization enables us to study the effects of the outside option on
equilibrium outputs and collusion in two-sided markets. We remark that Tan and Zhou (2021)
pricing formulas are similar to the ones in Armstrong (2006), White and Weyl (2016), Jullien and
Pavan (2019) and Chica et al. (2021) in the sense that they explicitly depend on the parameters.
Due to the challenges of the outside option in our model, our pricing formulas are implicitly deter-

>Dating markets with heterogeneous populations are dominated by general apps like Tinder and Bumble, while
more homogeneous populations tend to use niche apps like The League and JDate.

SWithin-side externalities capture negative within-side competition effects and positive collaboration effects be-
tween users on the same side of the market. For example, competition between content creators in the same platform
(e.g., YouTube, Twitch and others) and collaboration between open source programmers (e.g., C++, Python, Linux and
others).



mined by the equilibrium net deterministic utility and cannot be explicit like the previous formulas.
Similar to Tan and Zhou (2021), but under the assumption of an outside option, we find that increas-
ing competition can either raise or lower equilibrium prices and consumer surplus—depending on
the relative strength of network externalities versus user heterogeneity in tastes—and may also
increase or decrease platform profits, depending on a condition involving the normalized net de-
terministic utility. However, we show that market participation always increases, whereas Tan and
Zhou (2021) assumes 100% market participation. Moreover, our collusion analysis is novel and
cannot be addressed in markets with full participation.

Cohen and Zhang (2022) focused on the particular setting and idiosyncrasies of ride-sharing
services (e.g., Uber and Lyft). One of their interesting results is that under collusion riders pay
a larger price and drivers receive a lower wage than under competition. This result is similar to
one of our results (to see this one should note that the wage in their model is a negative price in
our model). Nevertheless, the modeling choice for customer demand is different in both works. In
their model, network externalities are endogenous, whereas ours are exogenous and thus follow the
traditional setting that stems from Armstrong (2006). As such, we can examine the effects of the
network externalities on the equilibrium outputs. Another major difference between these works is
the type of solution obtained. They inductively solve a sequence of problems, which approximates
the Nash equilibrium, and their final solution is a limit of the former solutions. We characterize the
best-response of a platform that deviates from the symmetric Nash equilibrium and directly study
properties of this equilibrium. The major advantage of our approach is that it allows us to study
the effects of competition on the equilibrium outputs, because we can differentiate these outputs.

Our work also pertains to the literature on platform collusion. On the theoretical side, Dewenter
et al. (2011) compared between competition, semi-collusion (i.e., collusion in only one side of the
market) and full collusion in a special model for the newspapers market, where the two sides of
the market were represented by advertisers and readers. Comparing full collusion to competition,
they found out that for the advertisers market, participation is lower and prices are higher under
full collusion. This result is similar to one of ours, as we show that for both sides of the markets,
all sizes of within-side externalities and relatively small cross-side externalities, collusion always
leads to less market participation and higher prices.’

Other relevant works that include an outside option are: Jeitschko and Tremblay (2020), which
studied how consumers and firms endogenously choose between different homing options or the
outside option; Correia-da Silva et al. (2019), which examined the welfare effects of horizon-
tal mergers between multi-sided platforms while incorporating an outside option for consumers;
Tremblay et al. (2023), which analyzed Cournot platform competition in two-sided markets with
indirect network effects, where both consumers and sellers have an outside option; Peitz and Sato
(2023) studied a model of asymmetric platform oligopoly while allowing partial user participation,
1.e., outside options; and Teh et al. (2023) study the effects of allowing multi-homing for both sides
of the market while also incorporating outside options.

Organization of the Article: Section 2 formulates our platform models of competition and

"Note that we focus on the study of full collusion, whereas Dewenter et al. (2011) and Lefouili and Pinho (2020)
also study semi-collusion in two-sided markets and show that if the cross-side externalities are positive and sufficiently
large, then semi-collusion may benefit users on the collusive side and harm users on the competitive side. Furthermore,
Dewenter et al. (2011) also show that on the readers side, the collusion price may be lower than the competitive price
if the competition in the advertising market is high and the newspaper market is large. We remark that our demand
specification is different and, in particular, we do not incorporate a parameter for the relative size of the markets.



collusion. Section 3 solves the models via backward induction. Section 4 compares the outputs
of colluding and competing market models. Section 5 examines the effects of increasing compe-
tition on the equilibrium quantities of the competition model. Section 6 examines the economic
implications of our main results. Section 7 concludes this work.

2 The Platform Model with an Outside Option

We formulate a platform competition model by following previous works, such as White and Weyl
(2016) and Tan and Zhou (2021). Let N > 2 be the number of horizontally differentiated platforms
in the market. Each index i € .4 :={1,...,N} represents a platform competing in two different
sides of a market. We index each side by k € {b,s}, where b and s represent buyers and sellers,
respectively. Each platform i sets prices for each side of the market, denoted by p’ = (pz, ph).
The endogenous mass of users on each side of the market subscribed to platform i is denoted by
x' = (xi,xi) €[0,1]%. Fori =0, 2" = (x),x9) € [0,1]? denotes the mass of users not participating
in the market.

Users on side k of the market have idiosyncratic preferences for platforms and for the outside
option. These preferences are captured by the 1.1.d. random variables Sli ~ Fy(-), where k € {b,s},
i€ A U{0} (i € A for the platforms and i = O for the outside option) and Fi(-) is a differentiable
probability distribution.

The game consists of two stages. In stage 1, platforms strategically choose prices to maximize
profits. In this article, we study two scenarios in stage 1: (i) The competition scenario, where
firms compete and maximize individual profits; (ii) The collusion scenario, where firms collude
and jointly maximize profits. In stage 2, given the prices determined by the platforms, users on
each side of the market choose whether to participate or not and if they participate they also choose
which platform to join. The game is solved using backward induction and we thus first describe
the details of the second stage and then the first one.

(i) Stage 2 (users’ interactions): Any user on side k € {b, s} of the market who joined platform
i € ¥ receives the following utility:

) 1= & — pi+ di(), (1
where eli represents the idiosyncratic utility the user enjoys; pf{ is the price paid by the user to
access services provided by the platform (it was determined in stage 1); and ¢y : [0,1]> — Riis a
Lipschitz differentiable function so that ¢y (') captures the network benefits that the user receives

from all other users who are also joining platform i. We further denote the deterministic component
of the utility by

uh := —ph 4+ o ().
If a user does not join any platform, it receives the utility
iy = & +ul, 2)

where u,? € R is a constant representing the deterministic outside utility.® Note that users will
choose the platform that maximizes their utility, i.e., they will join j € argmax;c 410 {8} It

$Most models of platform competition leave out the analysis of the outside utility option that users have. By doing
so, they cut out from the profit maximization process the trade-off between market participation and competition. In
this article, we study this trade-off.



follows that the mass of users from side k joining platform i solves the equation

x;{ =P (ﬁ;( > ]E/Vnd%(}\{l}{ﬁ]](}) Vk € {b,s}, ie NU {0} (3)

Proposition 3.1 below implies that (3) has at least one solution for any set of prices {(pb, Py i1
and also establishes a sufficient condition for a unique solution of (3).

(i) Stage 1 (platforms’ optimization): We consider the following two scenarios: a competi-
tive market and a collusive market.

(a) A competing market: Platform i, for each i € .4/, sets prices { p};, pi} that maximize indi-
vidual profits, i.e., platform i solves

max 7 (p},pl), where &’ (pl, pl) == x,p}, +xipl, (4)
{p}.ri}

and xf{ is implicitly defined by (3). We adopt the standard assumption of zero marginal cost for
serving users on sides b and s. A Nash equilibrium corresponding to (4) is referred to as a compet-
itive Nash equilibrium (CNE).

(b) A colluding market: The colluding platforms act as a single platform trying to maximize
joint profits across all sides of the market by charging one price on every side of the market; i.e.,
they solve

N
max TTiot(pp, ps), where Tiot(pp, ps) = Z X,pp+Xips) - (5)

As in the competitive case, we assumed that the marginal costs of serving sellers and buyers are
zero. We refer to any maximizer of (5) as collusive equilibrium (CE).°

In order to fully quantify the equilibrium outcomes, we make two additional assumptions:
(a) Assumption I: The idiosyncratic preferences, {8}{} ke {b,s}.ie.vU{0}» are L1.d. Gumbel distributed
with parameters (L, Bx). That is, for k € {b,s}, B > 0 and ;. € R, the distribution Fi(-) is

M=z

Filz)=e<™ . (6)

We claim that this assumption is natural since it gives rise to the classical Logit model (see Werden
et al. (1996), Anderson and De Palma (1992)), which describes the demand of heterogeneous
consumers for a set of differentiated goods (see Berry (1994), Conlon and Gortmaker (2020),
Besanko et al. (1998)). To support this claim, we note that the central equation in this work is (3),
which can be rewritten using (2) and the alternative variables 6] = & —¢?, i€ A4 U{0}, k € {b,s}
as follows:

xi:[@(@,ﬁ—kuiz max {9,{4—%}), Vk € {b,s}, ie A/ U{0}.
j:()?l?""N?j#i

We further note that 6,2 ~ Logistic(0, B¢) for i € .4 and thus conclude the claim.

While, in general, collusion can be any situation where two or more platforms jointly make decisions, in this
article, we focus on the worst-case-scenario, where all platforms collude.



(b) Assumption II: The function ¢y (x) is linear, i.e., it can be represented by multiplying with
the real-valued matrix ® € R>*?

Op(xp,x5) | | Pop Bbs || X
{ s (xp, Xs) } - { Op  Oss } { X ] : (7

—_——
>

We remark that the following results do not require these additional assumptions: The exis-
tence and uniqueness of the solution of (3) (see Proposition 3.1 in Section 3) and the derivation
of the first- and second-order conditions for both (4) and (5) (see Lemma A.1, A.2, A3 and A4
in Appendix A). We note that many of the results presented in this paper can be extended to other
probability distributions of economic interest. In the Online Appendix, we demonstrate this for
the exponential distribution with two platforms. In particular, we explicitly derive the first-order
condition for (4) using Mathematica. Additionally, we present numerical simulations supporting
results similar to those shown in Propositions 4.4, 4.6, and 4.7, but using the exponential distribu-
tion. It is important to recognize that each probability distribution requires special treatment, and
the analysis of the Gumbel distribution is already quite lengthy and complex.

3 Equilibrium

We solve our model using backward induction. We first study the solution to (3) and show that

for any set of prices, {(p},p%)}Y_,, there is a well-defined set of market shares, {(x},x)}Y ,, that

solve (3) and under a certain condition they are unique. Next, we characterize the symmetric CNE
of (4) (i.e., the CNE such that p; = p; for each i € .#”) and the CE of (5). At last, we interpret the

resulting equilibrium pricing and market share formulas.

Stage 2 Solution: Users’ Maximization

We establish sufficient conditions for the existence and uniqueness for (3). We recall that (3)
captures the users’ dynamics when prices change. Let u = (u®,u!,... u") € R¥*! and for k €
{b,s} and i € A4 U{0} define

T/ (u) :=P(e} > rrllilx(elf +ul —u')). (8)

In view of (8), (3) can be rewritten as
X =T, o(®") = pis - x(@™) = i), )

It follows that a vector = (xg,xg), .. ,xg ,xV) solves (3) if and only if it is a fixed point of the map
¥ : [0, 12N+ 5 10, 1]2NV+1) given by

£() = (10 (up), T (), .. T3 (up), T (), (10)

where ug = (U, o (z') — pi,....¢(z") — pY) and @' = (x},x!). Proposition 3.1 below, shows
that (10) always has at least one fixed point and thus (3) always has a solution. This proposition



also provides sufficient conditions for the uniqueness of this fixed point and the solution of (3). Its
formulation requires the following Lipschitz-type constants:

o7 (u)
Mr = max su — | and
ke{b,s}ie N U0} cmN+1 =f| QU an
M 9 Pr (xp, X)
¢ := max sup o |
ke{b.5} (xy,%,)€[0,112 1€ D) X

We remark that T}/ (u)/du’ captures the user’s sensitivity to changes in utility levels. Similarly,
9 P (xp,x5) /dx; measures how externalities change when more people join one specific platform.

Proposition 3.1 (Existence and Uniqueness of Market Shares). For any prices {( pb, ps)}N C RZ
there exists a solution to (3), x = (xg,x(s),xb, Xy, ,xg,xN) such that for each k € {b,s}, ZN xk =
1. Moreover, if MyMy < 1, where Mt and My are given by (11), then the solution of (3) is unique.

This Proposition provides sufficient cond1t10ns for the mapping {(p}, )Y, — {(x}, %)},

to be well-defined. Its proof is in Appendix A.!°

Stage 1 Solution: Platforms’ Optimization

We establish sufficient conditions for the existence and uniqueness of symmetric solutions of (4)
and (5). We first focus on symmetric solutions for (4). For this purpose, we use the following
transformation:

Uup — ug
%= , fork € {b,s}. (12)
Br
We note that uy, — ug = —pi+ O(x) — ug captures the difference between the deterministic utility

of users (sellers or buyers) joining one platform and the deterministic utility of the outside option.
We remark that in the symmetric case any platform charges the price py for k € {b,s} and the
market shares are given by & = (x5, xs). The Gumbel distribution parameter f; is a measure of the
standard deviation of the idiosyncratic preference gli and it captures the degree of heterogeneity
in users’ tastes.!! Throughout the article, we will refer to z; as the normalized net deterministic
utility of users on side k of the market.

We can write the first-order condition (FOC) of (4) as a function of z;.!2

Proposition 3.2 (FOC of (4)). Suppose there is a symmetric equilibrium (pj,, py) solution of (4)
with market shares (x,,xy). If one platform unilaterally deviates from this symmetric CNE, the
FOC that characterizes its best-response is given by

Bz=(P—-H(z))Q(z)—up, (13)

10We remark that while Proposition 3.1 is used to identify symmetric Nash equilibria, it should not be restricted
to symmetric market shares. When proving the existence of symmetric Nash equilibria (see Proposition 3.3), it is
necessary to consider all possible deviations from the equilibrium path, including those that lie off the symmetric path.

"Note that in general, if € ~ G(uy, Bx), then Varle!] = %2 fBZ and thus the standard deviation of ! is % By

121t is a known fact that attempting to solve (4) by means of an FOC with respect to prices {( pZ,pf;) fV: | produces a
non-tractable system of equations (see, e.g., Tan and Zhou (2021) and Chica et al. (2021)). By contrast, our proofs in
the appendix take derivatives with respect to {xﬁ),xé}?’: ;- By Proposition 3.1 and the implicit function theorem, there
is a well-defined locally 1-1 mapping from {(x},x/)}¥ | to {(p}, pi) Y,

8



where 3 = diag(Bp, Bs), z = (2p,25), wo = (u),u?), @ is the externalities network matrix defined

in (7), Q(z) = (0(z), 0(z,))T with ® : R — (0, 1) such that ®(z) := ﬁ, and H(z) is a 2x2
matrix defined as
| LodpKs +hy — pp,  — s (dsLp+ 1)

H(z):= , 14
( ) _q)bs (dbLs + 1) Lsdst + hs - (Pss ( )
where Ly, di and hy for each k € {b,s} are given by
N—1
L= 0P gy,
o
dp = ﬁk(l —l—NeZk),
(15)

he = Br(1+€%) (e +N),
Ky = Ori — Br(1 + Ne*) (e * + N —1),
Jo = KpKy — @, Pps.

Let us assume z* = (zZ,zf)T is the unique solution of (13) and it satisfies a corresponding
second order condition. We discuss below (see Proposition 3.3) sufficient conditions for this as-
sumption. We use z* to characterize the symmetric equilibrium solution of (4), p* = (PZ,ij)Ta
with market shares «* = (x},x})”. By applying (8) and (9) evaluated at u}, = u} = —pj + ¢(x*),
where i € A4 and k € {b, s}, one can show (see (76) in Appendix A) that

1
————— and thus =" = Q(z"). 16
e k+N (=) (10)
We further note that (12) implies that 3z* = —p* + ®x* — ug. Combining the latter equation, (13)
and (16), the symmetric CNE of (4) is given by
p*=H(z")Q(z") and
x"=Q(z").

X = 0(z;)

(7)

In order to ensure that (17) yields the symmetric CNE, we next establish a sufficient condition
for (13) to have a unique solution that satisfies a corresponding second order condition. It uses the

following function
2(N—1)
J(N) = N (18)
where we note that f approaches 0 as N — oo. It also uses the notation B (0) for the ball in R? of
radius € > 0 around the origin.

Proposition 3.3 (Existence and uniqueness of the symmetric CNE). Suppose that N > 2 and for
each k € {b,s}, (O, Br) satisfies

either (¢ < 0and By > 0) or (¢gr > 0and By > f(N) Prr) - (19)

Then, there exists € > 0 such that for any (@ps, @5p) € Be(0) there is a unique solution of (13) and
this solution satisfies a second order condition.'> Furthermore, (17) yields the unique symmetric

CNE of (4).

13We clarify that the € in Proposition 3.3 depends on (s, @ss, By, Bs, N, u),u?), but for simplicity we denote it by
€. We use the same convention in other places in this article where a similar condition with & appears.

9



Proposition 3.3 guarantees the existence and uniqueness of a symmetric CNE for a large family
of the parameters {®ut, By }re{p,s)- In particular, if the within-side externalities (i.e., those that re-
flect interactions of the same sides of the market), ¢, are negative, then existence and uniqueness
of a solution for (13) is guaranteed for any size of heterogeneity in user’s tastes, ;. On the other
hand, if the within-side externalities are positive, then existence and uniqueness is only ensured for
relatively large sizes of heterogeneity in user’s tastes (i.e., By > f(N) ). Recall that as the number
of platforms N grows to infinity, f(N) approaches 0. Thus, even for positive within-side externali-
ties, existence and uniqueness of a solution for (13) is guaranteed for any size of f, provided that
the number of platforms in the market is large enough. Some form of the latter condition appears
in many studies of platform competition (see, e.g., Anderson et al. (1992), Armstrong (20006),
and Tan and Zhou (2021)). This condition ensures that network effects do not always dominate
idiosyncratic preferences when users are charged non-zero prices (see, e.g., Chica et al. (2021)).
Figure 1 below shows the region described by (19) when N = 4.

Figure 1: Region of (@, Bx) that guarantees a unique symmetric CNE when N = 4 according to
Proposition 3.3.

Next, we focus on the solution of (5). We first establish the FOC of (5) as a function of z.
Proposition 3.4 (FOC of (5)). The FOC of (5) is given by
Bz =(®—H(2))Qz) — uo, (20)
where 3, z, ug, ®, Q(2) were defined in Proposition 3.2, and H®(z) is a 2x2 matrix defined by

&% 2
HC(Z) — ﬁb(lt# - ¢bb | N_Zq)sg )
_(Pbs BolltNe)” ¢ss

es

21

Let us assume 2* = (zbc,zSC)T is the unique solution of (20) and it satisfies a corresponding

second order condition (we provide sufficient conditions for these assumptions in Proposition 3.5
below). Following the same derivation of (17) (see the proof of Proposition 3.4 in Appendix A),
one can show that the CE solution of (5), p€ = ( p,(;, pS)T and the corresponding market shares,
x€ = (x5,x5)7, satisfy

C_ yC(.C c
p-=H-(z")Q(z") and 22)



In order to ensure that (22) yields the CE, we establish sufficient conditions for (20) to have a
unique solution that satisfies a corresponding second order condition.

Proposition 3.5 (Existence and uniqueness of the CE). For any ug, u? €R, ® € R*?, By, Bs >0
and N > 2, there exists a solution for (20). Moreover, if for each k € {b,s}, (§u, Bx) satisfies
8 Prk

either (g <0 and B; > 0) or (¢ > 0and B > W)’ (23)

then there exists € > 0 such that for any (@ps, @) € Be(0) C R?, the solution for (20) is unique, it
satisfies a corresponding second order condition and (22) yields the unique CE of (5).

The proof of Proposition 3.5 implies that f(N )@y, which was used in Proposition 3.3, is strictly
bigger than 8¢y /(27N) for all ¢y > 0. It follows that, if (@, By) satisfies (19) for each k € {b, s},
then it also satisfies (23) and consequently there exists unique solutions z* and z€ to (13) and (20),
respectively. Section 4 will compare these two solutions assuming (19) is satisfied.

Interpretation and Implications of the Resulting Pricing Formulas

We discuss the pricing formulas (17) and (22) for the competition and collusion models. We first
relate them to common pricing competition models. Both formulas are expressed in terms of the
equilibrium normalized net deterministic utility, z;, that platforms provide to users on both sides
of the market. They thus remind the formulation in Armstrong and Vickers (2001), where multiple
firms compete in a utility space, instead of a space of prices. When solving (4), firms internalize
competition for users in terms of the utility they can provide w.r.t. (with respect to) the outside
utility. The optimal vector utility, z*, provided by the competing platforms is determined so that
some users are always excluded from the market.'* A similar result is obtained for the colluding
case, while excluding a larger portion of participants, as shown below in Proposition 4.11. There-
fore, our models also imply the standard result that the output is not optimally distributed among
users when there is price competition or collusion (see, e.g., Varian (1989), Armstrong (1996) and
Rochet and Choné (1998)).

Our pricing formulas (17) and (22) generalize many of the standard results in the platform’s
literature for the case of an outside option. We emphasize some of these generalizations: (i) For
CE, the term B (1 -+ Ne%*)?/e%, which appears in the diagonal of the matrix (21), captures the
platform’s market power (see Perloff and Salop (1985)). It implies that in equilibrium platforms
charge users on side k of the market proportionally to the platform’s differentiation parameter [3;
(see Tan and Zhou (2021) and Chica et al. (2021)). (ii) For CNE and CE, assume that the within-
side externalities are positive (i.e., ¢g;r > 0). Then, from the diagonal of (14) and (21), platforms
subsidize users on side k by an amount that is proportional to the joining population on this side of
the market (i.e., they subsidize users on side k with ¢x; and (])kkx,g, respectively, for the competing
and colluding models). If these externalities are negative (i.e., ¢y < 0), the opposite result is true
(see Bardey et al. (2014)). (iii)) For CNE and CE, assume positive cross-side externalities, that
is, ¢ > 0 for each I,k € {b,s}, | # k. Then, the off-diagonal terms of (14) and (21) imply that
platforms subsidize users on side k& with an amount directly affected by the joining population on
the other side of the market (i.e., platforms subsidize an amount ¢y} to users on side k).

4Note that the equilibrium market share satisfies x; = @(z}) < 1/N (see (17) and the definition of ®(-) in Propo-
sition 3.2). This condition excludes the participation of some users.
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4 Competition and Collusion in Two-sided Markets with an
Outside Option

We compare the colluding and competing market models by studying the main properties of and
differences between the pricing formulas (17) and (22). We first assume competition and character-
ize the markets in which users receive positive and negative normalized net deterministic utility, z;
(see Proposition 4.1 and Corollary 4.2). We also characterize the sign of z; under perfect competi-
tion (i.e., as N — oo) and show that platforms charge a price that is equal to user’s heterogeneity in
tastes while covering the entire market (see Corollary 4.3). We then study the effects of the outside
option on the change of prices, profits and consumer surplus. In particular, we show that when
the outside option increases: (i) prices on side k may increase or decrease (see Proposition 4.4);
(11) profits decrease (see Proposition 4.6); and (ii1) consumer surplus may increase or decrease (see
Proposition 4.7). Next, we assume collusion and characterize markets in which zg is positive or
negative (see Proposition 4.8 and Corollaries 4.9 and 4.10). Finally, we compare the equilibrium
quantities of competition and collusion (see Proposition 4.11).

The Sign of the Net Deterministic Utility Under Competition

In CNE, a positive (negative) z; implies that the deterministic utility that users enjoy in equilibrium
from joining a given platform is larger (smaller) than the deterministic utility of the outside option.
For this reason, we first study the sign of z; as given by the solution of (13). The following
proposition shows sufficient conditions to partition the region described by (19) into two regions:
{z; < 0} and {z} > O}, which we demonstrate in Figure 2 for two different values of u_. The
indifference region {z; = 0} is described by a curve B, = ¥(N, ¢, ug) in the plane (@, Bx), where
7Y is defined as follows:

(200~ M)+ (20— N} 40w (1 324)
2N+ 1)

YN, Qs 1)) = (24)

We remark that the clustering of the sign of z; according to this proposition requires a local bound
on the cross-side externalities.

Figure 2: Classification of the sign of z; based on (@, Bx), k € {b,s}, according to Proposition
4.1, where N = 4 and ug = —1 (left) or ug = 0.5 (right). The red and blue regions correspond to
negative and positive z;, respectively.

Bk Bk

3.0,
— V(4 d-1) ! — V(4.¢.0.5)

25 f(4) 25 f(4) P

2.0

/ 4 P
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Proposition 4.1 (The sign of z}). Suppose that N > 2 and for each k € {b,s}, (§, Br) satisfies
(19). Then we can further partition the domain specified in (19) into two regions, which cluster the
sign of z; as long as a local condition on the cross-side externalities hold:

(i) If B > Y(N, O, ), then there exists € > 0 such that for any ($ps, 9s) € Be(0) C R?, 2 < 0.
(ii) Br <Y (N, @, u)), then there exists € > 0 such that for any (@ps, $s) € Be(0) C R?, z; > 0.

We first clarify the economic meaning of this proposition. If user’s heterogeneity in tastes is
large enough (i.e., By > Y(N, O, ug)), then it is a standard result that platforms extract consumer
surplus by charging a price that leads to a negative normalized net deterministic utility, i.e., z; <0
(see Anderson and De Palma (1992), Tan and Wright (2021), Chica et al. (2021) and others)."> On
the other hand, if the user’s heterogeneity in tastes, B, is small enough (i.e., B; < y(N s Ok s ug)),
then users receive positive normalized net deterministic utility, i.e., z,’; > 0.

We identify a critical threshold for the deterministic outside utility so that above this threshold,
(i1) in Proposition 4.1 is not feasible.

Corollary 4.2 (The sign of z; for large values of u,?). Case (ii) in Proposition 4.1 is not feasible if
ug > ﬁg (N, @), where ﬁg(N , Ork) is the critical threshold for the deterministic outside utility and
it is defined in (135) in the Appendix A.

This corollary implies that if the deterministic outside utility is sufficiently large (i.e., ug >
ﬁg (N, 9w )), the CNE leads to a negative net deterministic utility for any size of heterogeneity in
user’s tastes satisfying (19). In other words, only if the deterministic outside utility is relatively
small (i.e., ug < ﬁg (N, i), users with relatively weak preferences (i.e., B < Y(N, O, ug)) receive
positive net deterministic utility.

Next, we show that in the case of perfect competition (i.e., the limiting case N — o), the sign
of z; can be characterized by the sign of ug and the size of f.

Corollary 4.3 (CNE under perfect competition). For each k € {b,s}, any u € R, ® € R*? and

B > 0, under perfect competition (i.e., when N — o),

LJ>0, iful <Oand B < —uf; 25)
<0, if (u) <Oand B> —ul) or u >0.

Moreover, as N — oo, p; — B x; — 0 and Nx;, — 1.

Under perfect competition, platforms charge a price that is equal to the user’s heterogeneity
in tastes for that side of the market, i.e., p; = Bx. Moreover, the equilibrium market participation
on side k of the market is complete, i.e., Nx; = 1. When the deterministic outside option utility
is positive, users receive negative normalized net deterministic utility for any size of B; under
perfect competition. When the deterministic outside option utility is strictly negative, users receive
positive normalized net deterministic utility if and only if the heterogeneity of users’ taste is small,
ie B < —ug. We demonstrate (25) in Figure 3 for two different values (negative and positive) of
ug and a sufficiently large N.

5This result is due to the fact that highly heterogeneous users are less responsive to price and demand effects.
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Figure 3: Classification of the sign of z; based on (¢, B), k € {b,s}, for large N according to
Corollary 4.3, where N = 200 and ug = —1 (left) or ug =1 (right). The red and blue regions
correspond to negative and positive z;, respectively.
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The Effects of the Outside Option on the CNE

The following proposition provides sufficient conditions to characterize the sign of dp;/ 8u2. It
shows that the effect of the outside option on pj is nonlinear. It uses the following quantities:

(N+ JIN= 1)(N+3)+1)
gpu(N) = N and

FouN) = % (,/NT_2+ 1) .

Proposition 4.4. (The sign of dp}/ou}) Suppose that N > 2 and for each k € {b,s}, (¢, Br)
satisfies (19). Then we can further partition the domain specified in (19) into two regions, which
cluster the sign of dp;/ 8u2 as long as a local condition on the cross-side externalities hold:

(26)

(i) If either (¢ < 0 and By > 0) or (¢ > 0 and B > gp.u (N) Guk ), then there exists € > 0 such
that for any (s, $s) € Be(0) C R?, dp}/ouf <O.

(ii) If ¢xg > 0, N >3 and f (N) xie < Bx < fp.u (N) @k, then there exists € > O such that for any
(¢bS7 (Psb) € BS(O) C Rz, ap,’g/é?ug > 0.

Moreover, if (Qps, Osp) = O, then

Ok
N—1

Br—

lim p; =

= , and
u2—>—oo N_1 Pku

. (27)
})lm Pr = Br = PrE-
U)—soo

Consequently, p; € (Pk.E,Piy) in case (i), and p; € (P, Pr.E) in case (ii).

We clarify the economic meaning of this proposition. We first note it implies p; — pi, when
ug — —oo, which coincides with the equilibrium price in a platform competition model with no
outside option. It also implies p; — py g = B when ug — oo, which represents the efficient price,
that is, the price, B, under perfect competition, expressed in Corollary 4.3. In part (i), the incor-

poration of an outside option into the platform competition model decreases the equilibrium price
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w.r.t. the no outside option model, which is an expected result. Thus, if the cross-side externalities
are sufficiently small and the within-side externalities are either negative or positive with relatively
large user’s heterogeneity in tastes, then users are compensated by an amount equal to py , — p;.
Moreover, in this case, users always pay a price that is bigger than the efficient price, py g. On the
other hand, in part (ii), incorporating an outside option increases the equilibrium price w.r.t the no
outside option model, which is non-trivial. Therefore, under sufficiently small cross-side external-
ities and positive within-side externalities, users with relatively small heterogeneity in tastes pay a
premium w.r.t the model with no outside option, which is quantified by p; — px ,. Moreover, users
always pay a price that is smaller than the efficient price py g.

Remark 4.5 (Price overestimation vs. underestimation). If a given population can be parameterized
using the region of parameters described by either (i) or (ii) of Proposition 4.4, then a model
of platform competition that omits the outside option will either overestimate or underestimate,
respectively, the true equilibrium price.

The following proposition shows sufficient conditions to determine the sign of dx;/ 8u2. It
uses the following quantity:
N—-1 1

—. 28
YRR (28)

Proposition 4.6. (The sign of I} /dul) If N > 2 and

gﬂ,u(N) =

either (¢ < 0 and B > 0) or (¢gr > 0 and B > gz u (N) Ppk ),

then there exists € > 0 such that for any (@ps,dsp) € Be(0) C R?, 9} /dul < 0. Moreover; if
(d’bs,(bsb) =0, then

B Oxk

lim 7w = — =T d
W K TN—1T (N—)N e

(29)

Note that even though, by part (ii) of Proposition 4.4, prices may increase with the outside

option utility, Proposition 4.6 shows that profits are always decreasing w.r.t. ug. This happens

because market participation is always decreasing w.r.t. ug. Therefore, it is not a surprise that
profits are decreasing as a function of ug.

The following proposition provides sufficient conditions to determine the sign of the derivative
of the consumer surplus w.r.t. the outside option utility. More specifically, it uses the equilibrium
consumer surplus on side k of the market, CS;, which is defined as follows (see Tan and Zhou

(2021) for the case without an outside option):

CS;:=E { maxNe,i} — i+ O (x5, x0), (30)

i=0,...,

where E [max;—o__y €] is the expected maximum idiosyncratic utility.'® It also uses the function
fesu(N) given in Appendix A (see (156)).

'Note that max;—o,. n{€} ~ G(t + BeIn(N+1),B) and thus E[max;—o_.n €] = [ + BeIn (N +1)] + Be¥,
where ¥ denotes the Euler-Mascheroni constant. This quantity captures the product variety of the market.
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Proposition 4.7 (The sign of Jd(CS})/ 8142). The effect of the outside option on the change of
consumer surplus can be clustered into the following two regions:

(i) If N > 2 and either (¢ < 0 and B > 0) or (P > 0 and By > 2¢xx), then there exists € > 0
such that for any (@ps, 9s») € Be(0), 9(CS;)/oul > 0.

(ii) If N > 2, ¢ >0, f(N) O < Br < fesu(N) Ok, then there exists € > 0 such that for any
(9ns; Osp) € Be(0), 9(CS5)/ou < 0.

Part (i) of this proposition implies that the incorporation of an outside option into the platform
competition model may increase the consumer surplus, or equivalently, the consumer welfare,
w.r.t. the no outside option model. On the other hand, Part (ii) implies that incorporating an outside
option may decrease the equilibrium consumer surplus w.r.t the no outside option model. While
part (1) is standard, part (ii) is surprising.

The Sign of the Net Deterministic Utility Under Collusion

The following proposition quantifies the sign of zg in the collusion case of (5). In particular, it
claims that the indifference region {zg = 0} is described by a curve B = Y°(N, (])kk,ug) in the
plane (¢, Br), where < is defined as follows:
20 —ud (N+1)
YN, Gue ) = R R (31)
(N+1)

Proposition 4.8 (The sign of z{). Suppose that N > 2 and for each k € {b,s}, (9w, Br) satisfies
(23). Then we can further partition the domain specified in (23) into two regions, which cluster the
sign of zkc as long as a local condition on the cross-side externalities hold:

(i) If Bx > YS(N, G, 1), then there exists € > 0 such that for any (@ps, 9s) € Be(0) C R?,
c
7 <O0.

(ii) Be <Y< (N, P, ug), then there exists € > 0 such that for any (@ps, §s) € B¢(0) C R?, z& > 0.

The interpretation of Proposition 4.8 is very similar to that of Proposition 4.1. When the user’s
heterogeneity in tastes is small (i.e., B; < yC(N s Ok ug)), then users receive z,g > (. On the other
hand, if By is large (i.e., B > YC(N, @, u))), users receive zi < 0. Figure 4 demonstrates the
regions described in Proposition 4.8 for two different values of ug.

Figure 4: Classification of the sign of z{ based on (@, Br), k € {b,s}, according to Proposition
4.8, where N = 4 and ug = —1 (left) or ug = 0.5 (right). The red and blue regions correspond to
negative and positive Zg, respectively.
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Corollary 4.9 (Y (N, ¢, ) vs Y(N, O, u)). If N > 2 and (N, §y, 1) > 0, then Y(N, g, u) >
/yC<Na ¢kk7u2)-

By Corollary 4.9, in order to have a positive normalized net deterministic utility z; in CE, the
size of the user’s heterogeneity in tastes must be smaller than in CNE. Moreover, in CE, we also
identify a critical threshold for the outside utility such that above this threshold, the condition of
(i1) in Proposition 4.8 is not feasible.

Corollary 4.10 (The sign of zg for large values of ug). Case (ii) in Proposition 4.8 is not feasible
if ug > ﬁ,g(N , Ok ), where ﬁ,f(N , Ok ) is the critical threshold for the outside utility and it is defined
in (161) in the Appendix A.

Economic Outputs in Competitive vs. Collusive Markets

The following proposition compares the normalized net deterministic utility, market participation
and prices in competitive and collusive markets.

Proposition 4.11 (Competition vs Collusion Outputs). Suppose that N > 2 and for each k € {b, s},
(Oxi, Br) satisfies (19). Then, there exists € > 0 such that for any @1 = (@ps, @s,) € Be (0) C R?, in
equilibrium:

(i) the normalized net deterministic utility for users on side k is bigger under competition than
under collusion (i.e., 7 > z,?);

(ii) the market participation is bigger under competition than under collusion (i.e., Nx; > Nx,? );

(iii) the price charged on side k of the market is smaller under competition than under collusion
(i.e., p; < p,f).

Part (i) of the above proposition agrees with the standard collusion literature (see, e.g., Bishop
(1960), Varian (1989), Brander and Spencer (1985) among others) in which users receive the lowest
normalized net deterministic utility under collusion. Part (i1) is a direct corollary of part (i). Indeed,
Proposition 3.2 implies that @(+) is monotonically increasing. Thus, combining (17), (22) and part
(i) of Proposition 4.11 leads to part (ii) as follows: Nxj = Na(z}) > No(z{) = Nx$. To explain
part (iii), we use (12) and decompose the difference between collusion and competition prices as
follows:

pC —p* =d(zC — 2"+ B(z" — 2°). (32)

competition. A careful combination of this formula with parts (i) and (ii) of Proposition 4.11, the
assumption (@, @sp) € Be (0) (or for simplicity (@, @) = 0) and the observation that if @ >
0 for k € {b,s} then By > f(N)@u (see (19)) leads to part (iii). We thus note that the above
detailed analysis regarding the deterministic net utility is valuable for deriving broader economic
implications.

Our results can be compared to other ones on platform collusion. Dewenter et al. (2011) study
collusion and competition following the idiosyncrasies of a newspapers market with two firms.
They find that for small cross-side network externalities the collusive price is higher than the
competitive price. We generalize this result by incorporating the outside option utility, ug, the
within-side network externalities, @, and by having N horizontally differentiated platforms. Part
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(ii1) of our result also has the same conclusion as Cohen and Zhang (2022), who in the context
of ride-sharing services (e.g., Uber and Lyft), show that under collusion, riders pay a larger price
and workers receive a lower wage than under competition (note that the wage in their model is a
negative price in our model). Nevertheless, Cohen and Zhang (2022) assume a different model for
the user’s utility function, which is tailored for their specific setting of prices and wages.

S The Effects of Increasing Competition on the CNE

We study how increasing competition (i.e., increasing N) affects four CNE quantities: price, market
participation, consumer surplus, and profit. We first establish sufficient conditions for the deriva-
tive d p;/dN to be either positive or negative (see Proposition 5.1). We thus specify regions where
competition can lead to increasing or decreasing prices. We also establish sufficient conditions
for d(Nx})/dN to be positive and consequently for increasing market participation under com-
petition (see Proposition 5.2). We further formulate sufficient conditions to have increasing and
decreasing consumer surplus, i.e., to have positive and negative d(CS})/dN (see Proposition 5.3).
Finally, we establish sufficient conditions for the derivative d7; /N to be either positive or nega-
tive (see Proposition 5.4). That is, we specify regions where competition can lead to increasing or
decreasing profits on side k of the market.

The effect of competition on prices. We study the sign of dp;/dN. We first clarify the
difficulty in estimating the latter derivative. In view of (17), the equilibrium vector price is p* =
H(z*)Q(z"). As shown in (14) and (16), the matrix H and the vector Q directly depend on N.
However, (13) and the definitions of H and Q imply that z* is an implicit function of N. It is
thus hard to determine the sign of dp;/dN. Nevertheless, when the cross-side externalities are
sufficiently small, the following proposition establishes sufficient conditions to determine the sign
of dpj;/dN. It uses the functions g,(N) and f, (N) defined in (177) and (183), respectively, of
Appendix A. We note that g,,(N) and f, (N) approach 0 and 1, respectively, as N — co.

Proposition 5.1 (Regions where competition decreases/increases prices). The effect of competition
on the change of prices can be clustered into the following two regions:

(i) Assume that N > 2 and either (¢ < 0 and Br > g,(N) i) or (¢rx > 0 and Bx > Pui). Then,
there exists € > 0 such that for any (@ps, sp) € Be(0), dpi/IN < 0.

(ii) Assume that N > 3, ¢ > 0 and f(N) i < Pr < fp (N) Q. Then, there exists € > 0 such
that for any (Qps, 9) € Be(0), dpi/IN > 0.

The first part of Proposition 5.1 agrees with traditional results, where a sufficiently large user’s
heterogeneity in tastes implies the decrease of the equilibrium prices with the increase of com-
petition, i.e., d pz/ dN < 0 (see Anderson and De Palma (1992)). On the other hand, the second
part of Proposition 5.1 agrees with a recent and less conventional result, where positivity of the
within-side externalities, @, and sufficiently small user’s heterogeneity in tastes, fB; imply the
increase of prices with the increase of competition, i.e., dp;/dN > 0 (see, Tan and Zhou (2021)).
The proposition carefully quantifies the thresholds on the user’s heterogeneity in tastes that yield
different signs of dp; /dN. The resulting regions are demonstrated below in Figure 5 for N = 4.
The two regions are subsets of the region specified in (19) and when N — oo the union of the former
two regions approaches the latter region (because g,(N) — 0 and f,(N) — 1 as N — o).
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Figure 5: Classification of the sign of dp; /dN based on (P, Bx), k € {b,s}, according to Propo-
sition 5.1, where N = 4. The red and blue regions correspond to negative and positive dp;/dN,
respectively.
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The effect of competition on market participation. The equilibrium market participation on
side k of the market is given by Nx7, where x; is given by (16). The following proposition provides
sufficient conditions for positive d(Nx)/dN. It uses the following quantity:

(2N?—2N+1)

gx(N) = NINZ-N+1) (33)

Proposition 5.2 (Competition increases market participation). If N > 2 and
either (@ < 0 and By > 0) or (P > 0 and Br > gx(N) Ok ),

then there exists € > 0 such that for any (@ps, @sp) € Be(0), d(Nx})/IN > 0.

Most models of platform competition leave out the analysis of the outside utility option. By
doing so, they assume full market coverage,!” and thus cannot study the effect of competition
on market participation. Proposition 5.2 fills this gap and its region of positive d(Nx})/dN is
demonstrated below in Figure 6 when N = 4. We note that the region described by Proposition
5.1 part (ii) intersects with the region described by Proposition 5.2. Thus, when the within-side
externalities are sufficiently large (relative to the user’s heterogeneity in tastes) then both prices
and market participation increase with competition. At last, we note that the region described by
Proposition 5.2 is a subset of the region described by (19) and they coincide as N — oo.

7Corollary 4.3 shows that full market coverage occurs when N — oo, however, when the number of platforms is
finite, we find this assumption unrealistic.
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Figure 6: Demonstration of the region of positive d(Nx})/JdN based on (¢, Bi), k € {b,s} (in
blue), according to Proposition 5.2, where N = 4.
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The effect of competition on consumer surplus. The equilibrium consumer surplus on side
k of the market, CS}, is defined above in (30). The following proposition provides sufficient
conditions to determine the sign of d(CS;})/dN. It uses the following quantities:

N3 —N+1
gcs(N):

T NZ(N2-N+2) GY

and fcg (N) which is given by (205) in Appendix A.

Proposition 5.3 (Regions where competition decreases/increases consumer surplus). The effect of
competition on the change of consumer surplus can be clustered into the following two regions:

(i) If N > 2 and either (¢ < 0 and B > 0) or (¢ > 0 and B > gcs (N) Ok ), then there exists
€ > 0 such that for any (@ps, 9sp) € Be(0), d(CS;)/IN > 0.

(ii) If N >7, ¢ >0, f(N) i < B < min{ fes (N) o, ¥ (N, Qo) } and z; < +1n2, then
there exists € > 0 such that for any (@ps, 9s) € Be(0), d(CS})/IN < 0.

Part (i) of Proposition 5.3 agrees with traditional results, where consumer surplus increases
with increased competition. For example, Hsu and Wang (2005) consider the Bertrand competition
model with substitute goods and show that competition increases consumer surplus. The region
in part (i) of Proposition 5.3 has small cross-side externalities and its within-side externalities
are either negative or positive and small with respect to the user’s taste heterogeneity. Part (i1),
on the other hand, shows sufficient conditions for decreasing consumer surplus with increased
competition. This result agrees with a result from Tan and Zhou (2021), where in markets that are
relatively concentrated with a few platforms, consumer surplus decreases as competition increases.
Moreover, in the asymptotic regime as N goes to infinity, the region in part (i1) disappears (because
gcs(N) —0and fes(N) — 0as N — o) and such behavior is also observed in Tan and Zhou (2021).
Note that the region in Part (i1) of Proposition 5.3 has positive within-side externalities, small user’s
heterogeneity in tastes relative to the within-side externalities, positive but small normalized net
deterministic utility relative to the number of platforms, and small cross-side externalities. Figure 7
demonstrates the resulting regions (i) and (ii) when N = 4, while excluding the condition involving
%
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Figure 7: Classification of the sign of d(CS})/dN based on (¢, Bx), k € {b,s}, for N =4 and
u? = 0. The blue and red regions correspond to positive and negative d(CS;)/dN, respectively.
For the red region we did not include the bound on z;, but we still demonstrate a restricted region.
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The effect of competition on profits. The equilibrium profit quantity, 7*, is given by

=Y pix. (35)
ke{b,s}

For each k € {b,s}, let m} := p;x}, the profits on side k of the market. The following proposition
provides sufficient conditions to determine the sign of d7;/dN. It uses the following condition:

either (g <0 and B; > 0) or (¢ > 0and B > gz (N) Ok (36)

where gz (N) > f(N), f(N) is given by (18) and gr(N) is given by (221) in Appendix A. It
also uses the functions gz (N, ¢kk,u2,ﬁk) and fr (N ,(Pkk,ug,ﬁk) defined in (218) and (219) of
Appendix A, respectively.

Proposition 5.4 (Regions where competition decreases/increases profits on side k). Assume that
N > 2 and for each k € {b,s}, (O, Br) satisfies (19). The effect of competition on the change of
profits on side k of the market can be clustered into the following two regions of 7.

(i) If 7} < gr (N, O, ), Be), then there exists € > 0 such that for any (@ps,¢s») € Be(0),
dm;/ON <O.

(ii) If 2§ > frz (N, @), Be) and (36) is satisfied, then there exists € > 0 such that for any
<¢bs7 (psb) € BS(O), aﬂ;/aN > 0.

Part (i) of Proposition 5.4 shows that in markets where the normalized net deterministic utility
from joining the market is relatively small, the increased competition decreases profits. In other
words, when the incentive to join the market in equilibrium, z,’;, is small enough, more platforms
joining the market reduce the pie for all of the competing platforms. A more interesting result
appears in part (ii) when the incentives to join the market are high enough (relatively large z;) and
thus the increased competition increases profits. This observation aligns with traditional results in
the platform’s literature (see Tan and Zhou (2021)) where the effect of network externalities can
reverse the usual link between competition and firm profit (i.e., profits can increase with competi-
tion).

21



6 Economic and Policy discussion

We examine the economic implications of some of the results presented in Sections 4 and 5. We
first discuss how increases in outside option utility and competition influence equilibrium prices
and consumer surplus. These findings may inform policy discussions aimed at improving con-
sumer outcomes and market efficiency. We also interpret our mathematical result comparing col-
lusion and competition under small cross-side externalities. For concreteness, we focus on the
dating app market, as motivated in the introduction.

Scenarios in which an increased outside option or greater competition leads to lower
prices and higher consumer surplus: Both parts (i) of Propositions 4.4 and 4.7 suggest that,
under some conditions, such as relatively high heterogeneity, increasing the value of the outside
option decreases prices and increases consumer surplus. In the setting of popular dating apps
that attract a heterogeneous population—such as Tinder, Bumble, and Hinge—increased prefer-
ence for traditional partner-finding methods leads to the reduction of dating app prices and the
increase in consumer surplus. This suggests that apps should adjust pricing strategies, possibly by
reducing prices or enhancing sign-up services. Similarly, both parts (i) of Propositions 5.1 and 5.3
imply that, under some conditions, such as relatively high heterogeneity, increasing competition
decreases prices and increases consumer surplus. This finding is well-known in the traditional
single-sided competition literature (see, e.g., Tirole (1988) and Anderson and De Palma (1992)).
In summary, under certain conditions—particularly high heterogeneity—our findings suggest two
regulatory mechanisms to decrease prices and increase consumer surplus: enhancing the value of
outside options or incentivizing competition.

Scenarios in which an increased outside option or greater competition leads to higher
prices and lower consumer surplus: Both parts (ii) of Propositions 4.4 and 4.7 suggest that un-
der different conditions, such as relatively low heterogeneity, an increased outside option raises
prices and reduces consumer surplus. These results may be exemplified by dating apps that tar-
get specific demographics or niches where users are often homogeneous in their preferences. For
example, apps like The League and JDate target more homogeneous segments of the population,
and consequently, they can charge higher prices. Therefore, in these apps, users are less sensitive
to outside options. Moreover, if subscribers are loyal at a sufficiently high outside option utility,
there is no incentive to reduce prices even when this utility increases. Similarly, both parts (ii) of
Propositions 5.1 and 5.3 imply that, under some conditions, such as relatively low heterogeneity,
increasing competition leads to higher prices and lower consumer surplus. The intuition follows
from (30). We first note from this equation that consumer surplus is inversely related to price, so we
focus on the former. Additionally, we observe that, for a fixed price, consumer surplus increases
with (i) the expected maximum user idiosyncrasy, and (ii) the size of the network externalities.
In homogeneous populations, the expected maximum user idiosyncrasy is relatively small, which
makes network externalities more pronounced. In this scenario, fewer platforms can amplify net-
work effects more effectively (e.g., instead of having many alternatives to The League or JDate),
making them more attractive. As a result, even with increased competition or a higher outside
option, users may gravitate toward a smaller number of large platforms to maximize the benefits of
network externalities. This dynamic allows these platforms to maintain or increase prices, while
consumer surplus remain stagnant or decreases.

Population heterogeneity matters for policy: The discussion above suggests that in markets
like those described in this paper, regulators should carefully assess the level of population hetero-
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geneity when aiming to improve consumer surplus and reduce equilibrium prices. This is because
the same policy can have varying effects depending on the degree of heterogeneity. Specifically,
when population heterogeneity is sufficiently high, policies that either promote competition (e.g.,
reducing entry barriers and enforcing antitrust laws) or improve the outside option (e.g., enhanc-
ing public spaces like parks, libraries, and cultural centers) tend to lower equilibrium prices and
increase consumer surplus. Conversely, when population heterogeneity is sufficiently low, poli-
cies that limit competition (e.g., supporting a dominant platform) or restrict the outside option
(e.g., subsidizing part of the cost for some consumers) can help maintain or reduce prices while
preserving or increasing consumer surplus.

Collusion under small cross-side externalities: Proposition 4.11 shows that in cases of small
cross-side externalities, collusion (in comparison to competition) results in decreased normalized
net deterministic utilities, reduced market participation and increased price, on both sides of the
market. This is intuitive since when the cross-side externalities are sufficiently small—meaning
users derive limited benefit from the presence of users on the opposite side—competing platforms
have strong incentives to lower prices and attract users. In contrast, colluding platforms internalize
each other’s pricing decisions and reduce competition, enabling them to raise prices on both sides.
This further results in higher net deterministic utilities and greater overall participation for the
competition case versus the colluding one. The collusive outcome resembles classic monopoly
pricing: platforms extract more surplus at the expense of user welfare, resulting in higher prices
and lower market participation compared to the competitive case. In the dating app market, cross-
side externalities capture the value one side (e.g., men) derives from a larger presence of the other
side (e.g., women) on a given platform. These externalities are typically lower in large-scale
casual apps like Tinder, Badoo, and Facebook Dating, where user pools are already extensive
and the marginal value of new users is diminished. While Proposition 4.11 is difficult to verify
empirically, we illustrate its logic with a speculative example. During the 2013-2017 period of
increasing competition among casual dating apps like Tinder, OkCupid, and Plenty of Fish (POF),
prices were lower, user utility was higher, and market participation was larger. In contrast, we
hypothesize that the dating app market has shifted in recent years toward reduced competition and
arguably increased collusion. Match Group has gained a dominant position through acquisitions of
major platforms such as Tinder, POF, OkCupid and Hinge (Gilbert, 2019). In parallel, the adoption
of Al-based pricing strategies raises questions about the potential for tacit coordination (Chica
et al., 2024). During this period, rising prices have become evident. Moreover, features that were
once free are increasingly placed behind paywalls. This results in lower utility for price-sensitive
users and may limit participation, despite overall market growth.

Lastly, we note that the impact of increasing or decreasing competition appears both in Propo-
sition 4.11, where competition is compared to collusion in an extreme case, and in Propositions 5.1
and 5.3, where competition changes by either increasing or decreasing the number of platforms in
the market.

7 Conclusions

We provided a realistic framework for platform competition and collusion with an outside option.
Among our many results, we highlight the following key findings:

1. When the cross-side externalities are sufficiently small, the normalized net deterministic
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utilities and market participation are smaller in collusion than competition, and the prices on
both sides of the market are higher in collusion than competition.

2. Depending on the size of the user’s heterogeneity in tastes, incorporating an outside option
may increase or decrease the equilibrium price and consumer surplus w.r.t. the no outside
option model. In particular, a model of platform competition that omits the outside option
will either overestimate or underestimate the true equilibrium price.

3. Depending on the size of the user’s heterogeneity in tastes, the number of platforms and the
size of network externalities, we also demonstrated when different quantities either decrease
or increase with increased competition. '3

While the paper uses lengthy mathematical derivation, a basic and fundamental idea is demon-
strated in (32). This equation decomposes the price gap between collusion and competition into
two forces: reduced network benefits from lower participation, and lower user utility under collu-
sion. Together, these explain why prices are higher in the collusive regime.

There are many open directions for future research. In particular, it would be interesting to
extend our model to incorporate the following features: (i) a multi-homing option, i.e., allowing
users to join more than one platform; and (ii) platform asymmetries, i.e., allowing for different
marginal costs of serving users. Incorporating multi-homing would require introducing an addi-
tional decision margin for users, potentially following the frameworks in Chica et al. (2021) or
Teh et al. (2023). For the case of platform asymmetries, one could modify problems (4) and (5)
by introducing a marginal cost ¢; > 0 for each platform i € {1,...,n}. Exploring these extensions
would likely require a combination of numerical methods and further simplifying assumptions.
We view these as promising directions for future work that can build on the foundation laid by
the present analysis. Another direction we are currently exploring is the use of our models as an
economic framework for analyzing how reinforcement learning algorithms for platform pricing
affect equilibrium outcomes. Our models help us assess whether network externalities mitigate or
exacerbate the degree of collusion that Al-driven platforms may achieve (Chica et al., 2024).

181n particular, when the number of platforms increases, prices decrease if the user’s heterogeneity is relatively large
compared to the within-side externalities, and increase if there are at least three platforms and the user’s heterogeneity
is relatively small compared to the within-side externalities; market participation always increases; consumer surplus
increases if the user’s heterogeneity is relatively large compared to the within-side externalities, and decreases if there
are at least three platforms, the user’s heterogeneity is relatively small compared to the within-side externalities, and
the net deterministic utility is small relative to the number of platforms; and profits decrease if the net normalized
deterministic utility is small enough and increase if the net normalized deterministic utility is large enough.
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A Appendix

We prove all the stated results in the following order: Proposition 3.1, Proposition 3.2 (for which
we first provide various definitions and establish Lemma A.1), Proposition 3.3 (for which we first
prove Lemma A.2), Proposition 3.4 (for which we first prove Lemma A.3), Proposition 3.5 (for
which we first prove Lemma A.4), Proposition 4.1, Corollary 4.2, Corollary 4.3, Proposition 4.4,
Proposition 4.6, Proposition 4.7, Proposition 4.8, Corollary 4.9, Corollary 4.10, Proposition 4.11,
Proposition 5.1, Proposition 5.2, Proposition 5.3 and Proposition 5.4. In order to save space, we
leave some of the lengthy calculations to Mathematica and report them in the supplementary file
Gumbel _N.nb.

Proof of Proposition 3.1. Let {(p},p)}Y, C R? be a set of prices. Forie .4 U{0} and k €
{b,s}, setvi :=fy — & From (1) and (2), for i, j € A4 U{0}, i # j, (3) can be rewritten as

xi = P(a > max(a)))
J#i
= P(e] > max(g/ +v; - vi)), ke {b,s} 37)
JFi
Fori€ .# U{0} and k € {b,s}, we define 7} : R¥*! — [0, 1] such that

w= (s ) o Ti(w) = Ple, > max(g] 1 —u)).
JFl

Note that E} (u) C Q (where Q is the domain of the random variables {&] };c 4 (0} ke{b,s})- In two
steps, we show that for any w € RV and k € {b,s}, YN ( T (u) = 1.

Step (i): For any i # j, the events E| (u) and E] (u) are disjoint because either €} > €] +u/ — u'
or 8,! > £,£ +u' — u/, but not both. The‘n, Z?’:O k’(u) =P (Uﬁ.VZOE,’;) ) B |

Step (ii): We show that PP (N (E})¢) = 0. First, note that the sets {E} N (EL) Yie v u{oy kelb.s)
have P-zero probability, because [P’ is absolutely continuous with respect to the Lebesgue measure
and each of the sets E,’( N (E,’C)C is contained inside an N-dimensional set of R¥*!, We claim that
MY o (ED CUN G(EEN(EL)). Let € N (EL)C. Then, for all i € 4" U{0},

gl < max(g/ +u —u'). (38)
J#

If there exists i € .4 U {0} such that (38) holds with equality, then @ € E_,iﬂ (E})¢ and the claim

holds true. Now we prove that if for all i € 4" U{0}, (38) is satisfied with strict inequality, we get a

contradiction. By (38) with strict inequality, there exists 6(0) € .4 U{0}, 6(0) # 0 such that € <
2

8,? ©O) 1 46(0) _ 3,0, Similarly, there exists 6%(0) # 6(0) such that eke 0 eke 0) 4 ,6%(0) _ ,8(0)

Note that 82(0) # 0, otherwise, e,f 0 < 2 +u® — u®© which contradicts the definition of 6(0).
By induction, suppose that for n € N and all 0 < m < n, there exists 6”(0) € .4 U {0} such that

6171 (0)

0™(0) ¢ {0,6(0),--,6™1(0)} and 8,(9%1(0) <2 O 4,00 0 0), (39)
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By (38) with strict inequality, there exists 8"71(0) € .#"U{0}, 8"71(0) # 6"(0) such that 8,? "0 <

g2 4 0710 _ 0"0) We claim that 671 (0) ¢ {0,6/(0),---,6"(0)}. otherwise 8"+ (0) =
0™ (0) for some 0 < m < n— 1. In this case, by (39)

6" (0 6"(0 6" 1(0 m1
£ ():gk ()<8k 0, ,0m0)

< g0 | 0R0) ey | 0mEktor _ 0m(0)

6"(0)

(40)

< 8}?”(0) 4+ 4,8"(0) _,,6m(0)

Note that (40) contradicts the definition of 8”*1(0). Then 8”+1(0) ¢ {0,6(0),---,6"(0)} and (39)
is satisfied for the next index n+ 1. It follows that (39) holds for any n € N. The latter is impossible
because there are only N + 1 different indices inside .#" U {0}. Thus, N (EL)* C U ,(ELN (EL))
and P (NY(E})°) =0.

Combining steps (i) and (ii), we get that for any w € RV*! and k € {b,s}, Z?:o Tki (u) = 1.

Now, for & = (X0p, X0 X155 X1s, - - -, XNb, XNs) € [0, 1]2W+1) and each i € .4#”U{0}, we introduce the
auxiliary functions ¢, (x) defined as
: ¢ ifi=0
ou(x) =14 '* DY
Ok (Xip,xis)  ifi>1

Similarly, we define . .
Gli(m) = Tkl(vg(m)7 e 7V1kv(m>)a
where v (z) = ¢/ (z) — pi (p) = 0). If £ : [0,1]2M+D —; [0,1)>V+1) is defined by

(x) = (0} (x),00(x) -, 0} (x),0 (x)),

then solving system (3) is equivalent to finding a fixed point of X, i.e., £(x) = @. Existence of such
a fixed-point is guaranteed by Brouwer’s Fixed Point Theorem, as X is continuous on [0, 1]2(N +),
For such a fixed point: YN oxi =YY joi(x) = XN T (W(z), - W (z)) = 1.

To show the uniqueness of the solution of (3), we use the Banach Fixed Point Theorem. Let
x,y € [0,12N+1) then

|04(x) — o (y)| = |T{ (0 (), -} () = TLOR (), - 7 ()]

5 o)

. ) N
< max |v{(@) —v/(y)|- | sup
J ueRN+1 [—Q

Sm?XIfl),f(w)—(P,f(y)l-Mr

S M¢MT|33 - y|°°7

where
S 8Tk"(u)‘
T = max su | and
ke{b,s}ie N U0} cmi+1 [mg| QU
d
My := max sup M .
kelbs) (g, )02 1cims) | OH
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It follows that X(-) is a (strict) contracting mapping whenever MMy < 1, and uniqueness
follows.
[

Preliminary results for the proof of Proposition 3.2. We introduce notation and deﬁnitions
and establish a useful lemma. Let X = (x},-- ,x),x!,--- ,x)) and P = (p,,---,pY,pi,---, pY)
be two vectors in R?V. For k € {b,s}, let i1y := (ug,u,i, ,uf{v) where uk = (xb, Y) pk Using
(9), we can define a mapping from R* to R? as

(XaP) = g(X7P) = (Tbl (ﬂb) xb? ’ Tb ( b) _x{bvaTsl (113) —x},"' ’TN(ﬁ'S) _xi\l) . (4D

N

The Jacobian of (9) w.r.t. P is defined as

407 (X, P) = 0)(X,P)0,(X.P), where
-—%%%(ﬁk> . -—§§%cak> (42)
Qk(Xap) = : '
) )

Under symmetry, for any i € .4 and k € {b,s}, we write p}'( = Dks xf{ = xi, and u}; = =

O (xp,x5) — pr. Let wy := (u, 0 (xp,%5) — pry -+, O (X, X5) — pi) € RN For i, je N, i),
k € {b,s}, we define the functions

aT’
Se(wg) := i — (wy),
8T’
R =k ,
k(ug) oul (u) 43)

Te(we) := S () (Se(we) + (N — 2)Re(wr)) — (N — 1Ry (ur)?, and

(99 1 ag, 1 99,99,
st = (G = ) (5~ ™) =55 e

Whenever there is no room for confusion, we simplify the notations by neglecting the explicit
mention of the input w;. For example, T} (uy), Sk (wr), Ri(ur), Ji(ui) and Jy (wp, u) are simplified
to T,Ci, Sk> R, Ji and Jy respectively. The following Lemma shows the first-order condition of (4)
as a function of xy.

Lemma A.1 (FOC of CNE). If det‘Qy (x*,p*) # 0, then the symmetric Nash equilibrium outputs
p* and x* are solutions of (3) and of the following two equations

d
Pk~ ﬂXk + o
8xk

1
— X — — (Sk + (N — 2)Rk)xk +
oxy Ji

N—1_/1_03¢, 1_0¢
R R—x— —R =0, fork,l b k#£1.
To k( l&xkxl kal , fork,l € {b,s}, k#

N —1)R2Sx
J%JZJ(P( IRiSii
(44)

+
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The proof of this Lemma does not require assumptions I and II of Section 2. Thus, the FOC
given by (44) is applicable to idiosyncratic preferences other than Gumbel distribution and to more
general externality functions ¢ ().

Proof of Lemma A. 1. Assume that all platforms follow a symmetric equilibrium where p' = p* =

( pb, p;) and &' = x* = (x},x7). We show that unilateral deviations from this strategy lead to zero
gain. Without loss of generality, we assume that the first platform deviates from the symmetric
setting. This platform can deviate by either choosing prices p,l # pj or market shares x,i 7+ X.

Suppose that det‘9 z 5 (X*, P*) #0, where
X" = (xltv"' 7x]>;;x;k7“' 7'x;‘k) and P* = (p;;7 7pZap:7"' 719:)

belong to R?N. Then, by the Implicit Function Theorem, there exists a neighborhood B of X * in
R?N and a unique differentiable function & : B — R?" such that &2 (X*) = P* and

T (X,#(X))=0forall X €B. (45)

From (4) and (45), we can compute the FOC for this platform w.r.t. x,]C as

ol 0 op!
T _Pk+ kap{‘ + X ap{ =0, foreachk,l € {b,s}, k#1. (46)
x

8)6]]( pi=p* xi=x*, for i#l i

To solve (46), we need to compute the following derivatives

a 1
2P for cach k, 1 € {b,s}. (47)
Jx;

We determine those four partial derlvatlves in (47) using the definition of 7} in (8). By (9), for

k € {b,s}, the vectors of market shares and pnces, (xk,xk, ...,x;) and (pk,pk, ..., Dy) satisfy all
the following

Tk'(ug,u,'(,u,%,...,ukN) :x,]C and (48)
Tl u},u?, ... ul)=xi, foriec{2,3,---,N}. (49)

Taking derivatives w.r.t. x}) and x; in (48) and (49), respectively, gives us

1,0 .1 .2 N
OT,, (uy,ug,uii, ..., u;)

-3 d 50
ke - (50)
OTHul 2. N ai
k(ukaukal/ikﬂ ;Mk) 17 foric {2 3, N}, k.l € {b,S}, (&30
dx;  ox

where 6 = 1 if k=1 and &y, = 0if k # [. Note that the system of equations in(50) and (51) includes
4+4(N —1) = 4N equations. The unknowns are g | and 2 fork,l € {b,s}andi€ {2,3,...,N},
adding up to 4N unknowns.

al’
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Note that u2 is a constant and it does not depend on x,i. By the chain rule, the left hand side of
(50) and (51) can be rewritten as

J(,0 1,2 N 1 N J,0 1 2 N i
OT (g, up,ug, ... uy ) duy T (g uy, uz, . .. uy ) dul,

)

for k,1 € {b,s}, je{1,2,...,N}.

dui ol 5 du; 2
(52)
Recall that u} = ¢ (x') — p}, then, we can explicitly write
du Ip | I
— 2Pk TPk gorkle {b,s). 53
oxl — oxl oy b5} 43
On the other hand, for i € {2,3,--- N}, u}, = ¢(x') — p;. Thus,
dul, AP Ix, Iy Ix
U _ 000N, | O0OXe gt e (hs), i€ {2, N}. (54)

8x11 ~ dxp 8x[1 ox; BX}’

Plugging (52), (53) and (54) into (50) and (51), we obtain for k,/ € {b,s} and j € {2,3,--- N},

OT [ apk 99\ W OT! (3¢ dx, g ax _
dui <_ dx| * axl) +i:2 du; <9xb ox] * x; 8x}) = %, (55)
OT) (9pl | 0\ N OTY (30,0x, 30,25\ _ o]

- r)= 56
duy ( dx] T axl) +i:2 du; <8xb ox] * 9y 8xll) ox}’ (56)

There are 4N equations with 4N variables in the above system. Before solving the system, we
want to apply the property of symmetry at equilibrium, where we denote

8x,{ _
EM) =:y1, for j€{2,3,--- N} and
8Tli (57)
Sy i=7]
k k J ..
=: ., 2, fori, I,...,N}.
Ju; { Ry it ori,je{ }
Incorporating (57), we can further reduce the system described by (55) and (56) into 8 equations
1
with unknowns: % and yy s, for k, I € {b,s}. The new system is, for k,l € {b,s},
1
Ipy , I P J Py
Sp | —=K 4 == N—1DR, [ == Ik — &, and 58
k( ax! + 8xl> +( ) Rk (abeb,z+ axsys,z) k! an (58)
Ip | O I Px I P
R =225+ 275 4 (S + (N=2)Re) [ 290+ =2y ) = veu 59
(554 3 ) - e =280 (G S ) v (59

To solve the above equations, we notice that there are two groups of equations: (A) four equa-
tions associated to derivatives w.r.t. xé; (B) four equations associated to derivatives w.r.t. xsl. Thus,
we solve two linear systems, each one containing four equations and four unknowns.
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Using (43), we conclude that when Ji # O for any k € {b,s} and J4 # 0,

1 do; S
Ybb = _J_JR (8xs - J_s) ) (60)
1 d P
Vs.b — mRba_xb, (61)
1 oy
Ybs — JS_J¢RS<9_xs’ and (62)
1 10y Sy
Ys.s = Js-](p Rs (axb Jb) (63)
Moreover, it follows that

dp, I, 1 N—1 1 20, 1

o'?_x})_a_)q,—J_b(Sb-l_(N 2)Rp) + Rb< JbJ(pr (Q_XS—J_SSS)) ; (64)
Op; _ 99 N—1, (1 , ¢
ax}) N 8)61, + Js (JbJ¢ 8xb) (65)
Ipy _0¢y N—1, 2 00

dx!  dxg i Jp (J Jo Re 8xs> (66)

dpl  d¢s 1 1 o0, 1
ol o T — (Ss+ (N —2)R; )—|— 7 Rs <—mRs <(9_xb — J_bSb)) . (67)

Finally, we can plug in (64), (66), (65) and (67) into the FOC (46) to obtain

0 8 1
Pkt =— (pk i —2x — — (Sk+ (N —2)R) Xk + —— (N — 1)RiS x
ox & X, Ji Jedidy 68)
N-—1 1._de 1 d¢ B
+ JkJ¢ Rk( Rla_kal Rk& X ) =0, fOI‘k,lE{b,S},k;’él.

[

Lemma A.1 is general enough to accommodate idiosyncratic preferences other than Gumbel
distribution and general externality functions ¢ (x). Next, we use Assumptions I and II from
Section 2 and Lemma A.1 to prove Proposition 3.2.

Proof of Proposition 3.2. We want to rewrite the FOC given by (44) using Assumptions I and II
from Section 2. Applying Gumbel distribution, we can derive specific forms for the functions Tki,
Sk, and Ry as defined in (43). By Assumption I, {8,£}k€{b7s}7,-6 wufoy are i.i.d. Gumbel distributed
with distribution

F)=e* (69)

For any i € ./, the random variable Y' := € + u} —max;_o 1 N j4i {elf—l—u,{} has a logistic
distribution,
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RS

Y' ~ Logistic(u — By Inay, By), where o;:= Z e
J=0,1,..,N, j#i

By (8), we can explicitly write Tk’ as follows

i 0 1 N e L
Tk‘(uk,uk,...,uk):P(e,lﬁ—uzz max {8,?4—14})

j=0,1,...N, j#i
1
=1—-F:0)=1-— . . 70
ri(0) 14_6(”}{—[31«111(%))/31{ (70)
The derivatives of Tki can be calculated as
i 1, (u—BeIn(ey)) /B
Il o) el AR .
Jul - ; 7 an (71
u (1 I e(uk—ﬁkln(a»)/ﬁk)
,. 1l /B
aTi 0’ 1’.”, N _e(”k_ﬁkln(ai))/ﬁk,ﬁk—.
"(u"a”"j ) , %, forj#i. (72)
u (1 n e(u;—ﬁklnw[))/ﬁk)

At a symmetric equilibrium, u' = u = (up,uy)7, for any i € .#". Then, we can further simplify
(70), (71) and (72),
- otk / Br =
KT ol /B N /B (73)
1 et/Br (eui/ﬁk + (N — 1)t/ Br)
k— 7 0 2
Pr (euk/ﬁk i Neuk/ﬁk>

1 o2k / Br

and 74)

=—— . (75)
2
Br (euz/ﬁk i Neuk/ﬁk>
Using (12), we derive the dependence of « and p on z under the symmetric setting as
. . euk /ﬁk 1 1
x, =T} (u) = t0(zk)- (76)

Bt NewlBe /BN e % +N

Denoting Q(z) := (0(z3), ®(z5))T, we obtain £ = Q(z) in the symmetric equilibrium. Moreover,
we can write u — uy = Bz, u = $x — p and

p=PQ(z) — Bz — uy. (77)

At this point, we want to use Lemma A.1 to rewrite (44) using Assumptions I and II. First, we

verify that det‘g—‘g (X, P) # 0, see (42), for any pair of symmetric vectors

X = (Xb,"' s XbyXsyt o * 7xS) and P = (pbf" yPbyPsy" " 7ps)-
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Using (71), (72) and (12) into (42), we obtain

ot ot
Tout T ouN
O (X, P)=| =+ ..

a1y oTY
Cout oWV

| ek e

1N (1+(N—1)ex)" HN-Dek THN-1)ek (78)
= — E _1 .. E
ﬁlf’v (1 +NeZk)2N ek ek —1

1 Nu(=)N
BY (14 New )Nt
We can now apply Lemma A.1 and equations (73) to (77) into (44) to obtain
Bz =(P—H(z))Q(2) — uo, (79)

where ug = (u),u?), H(z) is a 2 x 2 matrix defined as

LydpKs+hy — Qo —@sp(dsLp+ 1)

H(z):= , 80
( ) _¢bs (dbLs + 1) Lsdst + hs - ¢ss ( )
and, for any k € {b,s}, Ly, di and hy, are functions depending on z; as
N—-1
Lk = (‘]J(l +N€Zk),
¢
di = Bi(1+Ne®), ®D
he = Be(1+€%*)(e % +N),
and Jy is a function of z, and zy as
Ky = i — Pe(1 + Ne®)(e ™ +N —1), fork € {b,s}, 82)

J¢! = KpK; — ¢sb¢bs-

Denoting z* to be the solution to (79) and using (76) and (77), we conclude the proposition by
noting that the symmetric equilibrium solution of (4) is given by * = Q(z*) and p* = ®Q(z*) —
Bz* —u. O

Preliminary results for the proof of Proposition 3.3. We introduce notation and definitions
and establish a useful lemma. Let j € {1,--- ,N}, k,l and m € {b,s}, uy; := af’;yb 1+ 3¢"ys71 where
Yk, 18 given by (57). Moreover,

: o [oT/ apl ¢ oT/
Joo._ k Pk k
Uiim T oxlL [am] ( axl 3)61) Z 3x1 ou; g+ ©
{,’ 8Tj 3%, Ox! N *¢p Ixi
* Ju; \ 0x,0xy, 8x} 00X, 0% 8xll
where the derivatives of Tkj are evaluated at (u,u} -+ ,ul ), uj := ¢ (z") — p; and u}, := @ (') —

py, for i > 2. The following Lemma shows the second-order condition of (4) as a function of xi.
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Lemma A.2 (SOC of CNE). The second-order condition of (4) is given by

apb 1 a2pb 1 9%p! (apb a!’s) 1 azpb x! 9*p!
D2 1_ 2 +Xb ( + a( 1)2 + +xba 1(9 1+ Saxlaxb 84
('xl]wxsl‘)ﬂ: B (aPA _|_apb>+ 1 apb + 1 a zaps _|_ 1 apb _|_ 1 82 Ps ’ ( )
a‘xb ba La 1 la l b ( )2 a(-x})Z
1
where for k,m and | € {b,s}, % is given by (64)-(67),
1
9% py 32¢k
= S N—=2)R,) U} -U N—1)Ry), 85
8x,1,,&x, 8xm8x1 (( e+ VR i (xk’ml k’lm) ( ) k) (83)
and Ry, Sy and Jy, are given by (43). Moreover,
d¢s 29 1 1
{ Xbmi } 1 (axs 7S ) — o 7 <RbUb7lm ‘SbUhlm) (86)
- _9¢s Igp 1 1 1 ’
Xs,ml Jo — o <8_xz — J_bSb> 7 (RTUs,lm —SsUs lm)

where Ukllm and Uy 1y, := Ukjlmforj > 2 are given by (83).

The proof of this Lemma does not require assumptions I and II of Section 2. Thus, the SOC
given by (84) is applicable to idiosyncratic preferences other than Gumbel distribution and to more
general externality functions ¢ ().

Proof of Lemma A.2. Differentiating the left-hand side of (46) w.r.t. x}, for m € {b,s}, easily
yields (84). To obtain (85) and (86), we differentiate (55) and (56) w.r.t. xm. For m,k,l € {b,s} and
j€{2,3,--- ,N}, we obtain

T} d*p} PR NOoT! (d¢p 9% I 9% 1

du, <_ dx),0x] ax,haxl) - Zé du; \ dxp dx},0x!  dxy dx}ox! +Ueim =0, (67

oT’ 92p! 92 N oT/ p) 92y p) 92y i 02y/

8k<_ lpklJr 1¢k )+Z gL Xb1+ O xsl + Ui = xkl?
u dxlox! ~ dx}dx du; \ dxp dx}hdx] = Ix; dx}dx] ’ dx},0x

(88)

where Uk1 ;m and U,g I Are given by (83). Note that the derivatives of Tkj in (87) and (88), are

evaluated at (uk,u}c, ), up = gy (z!) — pi, where ul := ¢y (') — p} for i > 2. The unknowns
9%p; i .
are ax}ngl;l and — la Ixon] for k,l,m € {b,s} and i € {2,...,N}, adding up to 8 +8(N — 1) = 8N.

Similarly, the number of equations in the system of equations described in (87) and (88) is 8N.
Next, we apply the property of symmetry at equilibrium, where we denote

82 J o ) (89)
=: X mi, forj€42,...,N}.
8x,1n8 ]
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Incorporating (43), (57) and (89) we can reduce the system described by (87) and (88) into 16

aa] I;kl and xy,y for k,[,m € {b,s}. For k,m,l € {b,s}, the 16 equations

equations with unknowns:
are

Skqk+ (N — 1) Rty = —Uk],zm»

(90)
Rigi + (Sk+ (N = 2) Ri) tx = Xt ynt — Uk im»

2
where g, = < ail g’; -+ ail g"x ) and 1, = < ¢"xb ml + af: X ml) Solving the 2x2 system given by

m

(90) easily yields (85) and (86). ]

Lemma A.2 is general enough to accommodate idiosyncratic preferences other than Gumbel
distribution and general externality functions ¢ (x). Next, we use Assumptions I and II from
Section 2, Proposition 3.2 and Lemma A.2 to prove Proposition 3.3.

Proof of Proposition 3.3. The proof has two main steps: (i) Verifying sufficient conditions for
(13) to have a unique solution; (ii) Establishing that a second order condition is satisfied.
Step (i): Note that (13) is equivalent to

(2060 — OssdpLiy + hp) @ (2) + (Psp + Pos + PspdsLyy) @ (z5) —
(¢sb + ¢bs + (PbsdbLs) @ (Zb) + (2¢ss - ‘PbbdsLs + hS) w (Z )

= Byzp, and
ﬁszh

where for any k € {b,s}, Ly, dj and hy, are functions depending on z; given by (81). We want to
find sufficient conditions for (91) to have a unique solution. First, we write some definitions. Set
@1 = (@ps, ) and @ = (Ppp, @ss). For the given parameters in Y = (B, By, ud, u?,N), we define
M:RS — R? as

O@‘O

(€29

M ; . .

My (2,25, @1, @23 W) 1= (20 — @) il + i) @ (z10) + Qs+ Oos + D6 ;L) @ (2;) — uf — Bz
92)

We show that under (19), equation (91) has a unique solution for ¢; = 0. From (92), if we let
¢; =0, we obtain

My (25,25,0, 025 W) = (200 — @jjdiLic + hie) @ (26) — ug — Brzx- (93)

Plugging (81) into (93) gives

—B2 (1 +New)? + Brdue™ (2N — 1) €% +3) (1 + Ne) — 2e2% 92,
(1+New) (Be (1+ (N — 1) ei) (1 + New) — e g (94)

— Brzk — uf.

Mk (ZbaZ5707 (PZ’ IIJ) =

It follows that for ¢; = 0, M does not depend on z; for j # k. Under (19), we claim that if ¢; =0,
then the three statements below, (i-a)-(i-c), hold true:

(i-a) My (zp,z5,0, @25 ) is continuous on z; for all z; € R.
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(i-b) My (zp,z5,0, @2; ) is strictly decreasing in the variable z; for all z; € R.
(i-c) The following limits hold true

lim My (zp,25,0,@2; ) = and

Lp—>—o0

lim Mk (ZbaZS7O7(p2;ll/) = —%.

Zjp—ro

(95)

Before proving the above claims, note that (i-a), (i-b) and (i-c) combined imply that there is a
unique (z},z}) € R? such that

M, (Z27Z;k707 ©2; ll/)
M; (Z;;Z;k:oa P2 W)

Thus, under (19), equation (91) has a unique solution for ¢; = 0. By (i-b),

By (96) and the Implicit Function Theorem, there exists € > 0 and a unique continuous function
(Zb () y<s ()) : Be (030) — RZ
such that (z5 (0,0),z,(0,0)) = (z},z}). Moreover, for all ¢; € B¢ (0,0),

M (z,25,0, ;) =

IMy, (2,25,0, 02; W) IM; (255,25, 0, 923
_ b (vazs7 %) W) (Zb Z 9) llj) < 0. (96)
(z,ﬁ,z_’{,O,(Pz;lI/) Iz J7s

M<Zb <(p1)7ZS((p1)7(P17(P2;W) =0.

In particular, under (19), there exists € > 0 such that for all ¢; € B (0,0), equation (91) has a
unique solution. We now prove that under (19), if ¢; = 0, then (i-a)-(i-c) hold true.

Proof of (i-a). We prove that M, (z, 25,0, ¢2; W) is continuous on z; for all z; € R. The auxiliary
function
(2) 1= e (1 (N — 1)) (14 Ne®)

has a unique minimum at z9 = —%ln(N (N—1)), with g () =2,/N(N—1) +2N — 1. It follows
that if o

Br > i ,
2JNIN=T)+2N—1)

then, the denominator of the fraction in (94) is never zero. We further prove (see the Mathematica
file Gumbel N.nb) that for all ¢y > 0,

oo

7

Duk
2V/NN—1)+2N—1)

(recall that f(N) is stated in the proposition and given by (18)). Thus, if (@, Bi) satisfies (19),
then (97) is satisfied and My (zp, 25,0, @2; ) is continuous on z; for all z; € R.

Proof of (i-b). We prove that for each k, M, (z, 25,0, ¢2; W) is strictly decreasing in the variable
zx for all z; € R. In the supplementary file Gumbel N.nb, we show that the partial derivative of
My (2p,25,0, @25 W) W.L.t. 7; can be written as

F(N) i > (98)

) 6 mzy
IM (2,75,0, 2 ¥) _ Lin=0me (99)

Iz (1+New)® (B (1+ (N — 1) e%) (1 4+ New) — e )
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where the coefficients {ay }°_, are polynomials on the parameters { ¢, Bx, N} and are given by
ap =B},
ar = BZ (B (6N — 1) — 4xt) ,
ar = B (B7 (15N> —6N + 1) + 4B (1 — 4N) de + 502 ,
az =2NB? (10N? — TN +2) + BZ o (24N> + 11N — 1) + 02 (10N —3) — 297,
ay = BN (NBZ (15N* — 16N +6) + By (— 16N + 10N —2) 4 (5N —2) 07 ,
as = BN? (NBE (6N? — 9N +4) + By (—4N* +3N — 1) + 0% ) .
ag = B (N —1)>N*. (100)

Because (97) is satisfied, the denominator of (99) is always positive. We then show (see the Math-
ematica file Gumbel N.nb) that under (19), i.e., if N > 2 and for each k € {b,s}, (¢, Br) satisfies
either

(¢orx <O0and B >0) or (¢gr >0and B > f(N) Or),
then a,, > 0 forallm =0,...,6, where f(N) is given by (18). From (99), it follows that

aMk (ZbaZS707 ¢2, l//)
aZk

<0 forall z. (101)

It follows that My (zp, 25,0, @2; W) is strictly decreasing in the variable z; for all z; € R.
Proof of (i-c). This claim follows from applying L hopital rule in (94).
Step (ii): We show that a second-order condition is satisfied. From (71), (72) and the substitu-

_ 0
tion z; = % we obtain for i,r,j € {1,...,N} and k € {b,s},

(1+(N—1)ex)(1+(N—2)e*) i=j=r
; — (14 (N —2)e%*)e* = j.i
02Ty (u, g -, ) B ok (1 +(N 2) eZk>eZk l J.’l% d _
du"dul _(1+Nezk)3[;2 _g +(N=2)e%)e i#j,J#Fni=r.
k1 2e%% — (14 Net) e i#j=r
[ 2¢%% i A AT
(102)
In the supplementary file Gumbel N.nb, we show that the matrix D%xl x1)7171 | g0, as given by (84),
br's
can be written as
azn.l 827171
D%xl x1)7'Cl = diag 55 3 , (103)
b ¢1=0 0 (x,])) ad(x}) =0
where S ;
d B mzy
5l = Ln=0Sn¢ 5. (104)
0 (xp)"'91=0 e (B (N —1) e +1) (Netk + 1) — e% )

The coefficients {s,}/ _, are polynomials on the parameters { ¢, Br, N} and are given by

S0 = _ﬁlﬁa

s1= B (5w + B (1 —7N)),
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52 = —=3BZ (BN (TN = 2) + e (2= IN) + 39 ),
s3= P (SBN?(3—TN) +4B2 (N (15N —7) + 1) ¢ + 3B (3 — LIN) ¢2 + 7932, »
s4=S5B¢N? (4 —TN) +2BN (N (35N —26) +7) i + B (26 —45N) N — 5) 9 + Bi (13N — 4) o3, — 20},
ss =Bk (3B7 (5—TN)N*+3BZ (N (15N — 16) + 6) N* oy + Br (25— 27TN) N — 10) N2, + (6N* —4N +1) ¢ ) ,
s6 = BN (B2 (6 —TN)N* + B2 (N(15N — 22) + 10) N>y + B (—6N? +8N — 5) N2 + ¢3,) .
s7= =B (N=1)N* (BN +2(=N+1) de) - (105)

Because (97) is satisfied, the denominator of (104) is always positive. We then show (see the
Mathematica file Gumbel _N.nb) that under (19), i.e., if N > 2 and for each k € {b,s}, (¢, Bx)
satisfies either
(o <0 and i > 0) or (¢ > 0and B > f(N) Pur) ,
then s,, < O for all m = 0,...,6, where f(N) is given by (18). It follows that D% . l)7r1|(p] _o 18
xb7xx
negative definite. By continuity there exists € > 0 such that for all ¢, € Bz (0,0),

D%x}),x})ﬂ:l (Zb ((Pl) 1 s <(Pl) , O1, P25 W)

is negative definite. Therefore, a second condition for (79) is satisfied.
O

Preliminary result for the proof of Proposition 3.4. Using the same notation we introduced
in (43), the following lemma provides the FOC of (5) as a function of x.

Lemma A.3 (FOC of CE). The symmetric collusive equilibrium p¢ and x€ are solutions of (3)

and of the following two equations

a(])k 1 a(])l o
ox,  Si+(N— I)Rk) T = O forkletbsh k£l (1%

Pk-l-xk(

The proof of this Lemma does not require assumptions I and II in Section 2. Thus, the FOC
given by (106) is applicable to idiosyncratic preferences other than Gumbel distribution and to
more general externality functions ¢ (x).

Proof of Lemma A.3. The FOC of (5) w.r.t. x; is

Tl P) P)
TN pr+ 2P 0 2P =0, fork,l € {b,s} k£ (107)
axk 8xk axk

To solve (107), we need the expressions of

%, for each k,1 € {b,s}. (108)
8xl
We determine those four partial derivatives g—zi in (108) using the definition of 7} in (8). By (9),
for k € {b,s}, the vectors of market shares and prices, (xg,...,x;) and (py,..., px) satisfy all the
following

T, g, g, ... ug) = xi, forie {1,2,--- ,N}. (109)
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Using the relationship u; = ¢ () — py, it follows that

Jug _ I Ipk
8x, axl axl .

Taking derivative w.r.t. x; and x, in (109) gives us

- aTki a¢k apk .
(JZ,} auj> (axl - aXI) = 8y, forie {l1,--- N}, k,1 € {b,s}, (110)

where 8 = 1 when k = [ and 8 = 0 when k # [. From (43) and (110),
Ipr I Oy

= — . 111
ox; dx;  Sg+(N—1)R; (111
Plugging (110) into (107) gives us
99 1 99
— =0, fork,l € {b,s}, k#I. 112
pk+xk(&xk Sk+(N—1)Rk) +xlaxk , IO K, E{ 7S}7 7£ ( )
[l

Lemma A.3 is general enough to accommodate idiosyncratic preferences other than Gumbel
distribution and general externality functions ¢y (x). Next, we use Assumptions I and II from
Section 2 and Lemma A.3 to prove Proposition 3.4.

Proof of Proposition 3.4. We want to rewrite the FOC given by (106) using Assumptions I and II
from Section 2. We plugging (74), (75), (76) and (77) from the proof of Proposition 3.2 into (106)
to obtain

Bz = (cb—HC(z)) Q(z) — o, (113)
where HC(2) is a 2 x 2 matrix defined as
By(1+Neb)? B
H(z) = [ ST ] (114)
_(Pbs e (Pss

Denoting z€ to be the solution to (113) and using (77), we conclude the proposition by noting
that the symmetric equilibrium solution of (5) is given by ¢ = Q(2¢) and p© = ®Q(2¢) — B2¢ —
ug. L]

Preliminary results for the proof of Proposition 3.5. The following Lemma shows the
second-order condition of (5) as a function of x;.

Lemma A.4 (SOC of CNE). The second-order condition of (5) is given by

azntot I Pk d Pk Ip 9? Pk 82Pl
OXn0x; N (axm O ox;, <+ Omig o dxy, R Yk O0x,,0x;, A 0x,0x;,

),fork,l,me{b,s},k#l,
(115)
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where %—’)Z‘ is given by (111),

?pr 0%k Om Oy (iﬁ"&zr Uy, g+

= ) for k,l,m € {b,s}
8xm8xl 8xm8xl (Sk + (N _ 1 Rk du'oul ; sty CEE

j:
(116)
and Sy, Ry are given by (43).

The proof of this Lemma does not require assumptions I and II of Section 2. Thus, the SOC
given by (115) is applicable to idiosyncratic preferences other than Gumbel distribution and to
more general externality functions @ (x).

Proof of Lemma A.4. Differentiating the left-hand side of (107) w.r.t. x,,, for m € {b,s}, easily
yields (115). To obtain (116), we differentiate (110) w.r.t. x,,,. For m,k,l € {b,s}, we obtain

NPT (0 ap (99 Ipk) (LT ([P0 Ppe
Z Z du’ du (8xm - 8xm) (8xl - 8xl) i jZ] du’ (axmaxz a 8xm3xz> =0 i

j=1r=1

where the derivatives of T}/ are evaluated at (i, uy, ...,ux) and uy = ¢x(x) — pr. Plugging (43) and
(111) into (117), yields (116). 0

Lemma A.4 is general enough to accommodate idiosyncratic preferences other than Gumbel
distribution and general externality functions ¢ (x). Next, we use Assumptions I and II from
Section 2, Proposition 3.4 and Lemma A.4 to prove Proposition 3.5

Proof of Proposition 3.5. The proof has two main steps: (i) Verifying sufficient conditions for
(20) to have a unique solution; (i1) Establishing that a second order condition is satisfied.
Step (i): Note that (20) is equivalent to

2Ppp Ops + sy ul)
— L2 _(1+Née*) =z, and
BN +e ) BNrew NI s
¢bs+¢sb 2¢SS u(s)
— - —(1+Neé*) =
BNves)  Biem) B TNE)=a
For each k € {b,s}, k # I, we denote
2 + uo
Fi(zp,25) 1= O st Mk (g ey (119)

Bi(N+e %) Br(N+e @) P

We want to find sufficient conditions for (118) to have a unique solution. By bounding each term
of Fy(zp,zs) independently, we can identify an upper bound for Fi(zp,zs) in R?, indeed,

20| | 10ps+ 9l W)

Fi(zp,25) < + —1:= V. (120)
(@) BN BiN B
Similarly, if z; < v, a lower bound for F(zp,zs) is
2 0
Fi(zp,25) > — 20kl _ [00s + 00l 1 (14 Ne™) := wy. (121)

BN BN B
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We denote a vector-valued function F(zy,7) := (Fy(2,25), Fs(2p,25))T. By combining (120) and
(121), we conclude that F'(zp,z) maps the area [wy, vp| X [wg, vs] into [wp,vp] X [ws, vs]. Tt is clear
that F'(zp,7) is a continuous function. By using Brouwer’s Fixed-Point Theorem, there is a fixed
point for the function F'(z;,z;) in the area [wy,vp| X [ws,vs], and this concludes that there is a
solution for (20) in the area [wp, vp] X [wy, vy).

We now prove the uniqueness of the solution. We first consider ¢, = ¢y, = 0, then (20) be-
comes two decoupled equations. In particular, for each k € {b, s}, zg is the solution to

2¢
_|_

where we are setting @1 = (@, Os) = 0, @2 = (P, @s5) and Y = (Bp, By, u),ud, N). From (122),
the function M,g (25, 25,0, @2; W) is continuous for all z; € R. Moreover,

MF (25,25,0, 02, ) := = = Be(1+Ne¥) =i} — Bz = (122)

lim M (2p,25,0,@2; @) = oo and  lim M (zp, 25,0, @2 W) = —oo. (123)
Zf—>—o° >

The partial derivative of MkC (25, 25,0, @23 W) W.r.t. 7; can be written as

IME (2,250, 92: ) _ 2e% @y — B (Ne% + 1)°
& (New 4 1) ’

(124)

Given that f > 0, if ¢y <0, then M (zp,25,0, 2; ) is strictly decreasing w.r.t. z; for all z; € R.

Now, suppose that ¢ > 0. The function z; — 2%/ (Ne% +1)° has a unique maximum over R
at zg = log %\, and such maximum is given by %. Therefore, the numerator of (124) is strictly

negative whenever f3; > 2¢"" Thus, if either ¢ < 0 or (¢gx > 0 and By > %), then

8M]S (Zb7Z8707 02, W)
aZk

< 0 for all z. (125)

It follows that there is a unique solution for (122). Now, notice that

d(MS ,ME) IMS (z5,25,0, 025 ) OME (25,25,0, 02 v)
det [ 222 )
a(Zbazs)

(ZE7Z§7O7(P2;V/) azb aZS
By the Implicit Function Theorem, there exists € > 0 and a unique continuous function

(25 (@1),25 (1)) : Be(0,0) — R?
such that (z5(0,0),25(0,0)) = (z5,25). Moreover, for all ¢; € B¢(0,0),

>0. (126)

My (25, (1), 25 (1), 1, 02, W) ] _
My (25 (91),25 (1), @1, 925 W)

Step (i1)): We show that a second-order condition is satisfied. Combining (102), (115) and
(116), we show (supplementary file Gumbel N.nb) that

RO —Ne % (ﬁb (Ne® +1)° —2¢% ¢bb) N(ps + Ospr)
(xpoxd) 1O N(@ps + ) _Ne % (ﬁs (New +1)° — 2€Z"¢ss>

M2 (91),25 (1), 01,025 9) := [

(127)
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Following the same argument from the paragraph above (125), if ¢, = @5, = 0, N > 2 and for
each k € {b,s}, (P, Br) satisfies either

8
(¢kk <0and ,Bk>0) or (‘Pkk > (0 and ﬁk > %) )

2
then D(x},,x})

Bz (0,0),

IT;01|p,—0 is negative definite. By continuity there exists € > 0 such that for all ¢; €

szl x})nt()t (Zb (901) e ((Pl) y 1, P25 W)

( b
is negative definite. Therefore, a second condition for (113) is satisfied.
[

Proof of Proposition 4.1. Suppose that N > 2 and for each k € {b,s}, (¢, Br) satisfies (19).
Assume that @ = (@, @5) = 0. From the proof of Proposition 3.3, M does not depend on z; for
J # k (see (94)). Moreover,

lim Mk (Zb,zs,o,(pz;l[/) = oo, (128)

Zf—r—°

and My (zp, 25,0, @2; W) is strictly decreasing in z; for all z; € R. From (94), we compute

BN+ 20BN+ 1)7+20%

a0 WEDBNNED—6w)  C ()
Ay

(N+1) (BN (N+1) = )’

where Ay is a polynomial of order 2 in f8; given by

Mk (ZbaZS7O7 QDZ’ lV)

Api=BEIN+1)° + B (N+ 1) (N —2¢11) — duxe (N + 1) u — 25 - (130)

The largest root of Ay is

(200~ M)+ (20— N+ 40w (1~ 324)
2(N+1)

YN, $uer 1) = (131)
We also denote the smallest root of Ay by y—. Note that by (19), the denominator of (129) is always
positive.

Step (i): If Br > y(N, ¢kk,u2), by (129), (130) and (131), then (129) is strictly negative. From
(128), the fact that My (zp, 25,0, @2; W) is strictly decreasing in z; for all z; € R, and that z;; is the
unique solution of My (z,25,0, ;) = 0, then z; < 0.

Step (ii): If Y- < Br < y(N ,qbkk,u,?), then (129) is strictly positive. From (128), the fact that
Mj (2, 25,0, @23 ) is strictly decreasing in z for all z; € R, and that z; is the unique solution of
M (2p,25,0, 925 y) = 0, then z; > 0.

Note that from the definition of y_ as the smallest root of the second degree polynomial Ay, if
Ok <0, then v < 0. If ¢y > 0, then f(N)dyr > 7— (see the supplementary file Gumbel N.nb). Tt
follows that (19) combined with B < Y(N, @, u)) imply that z§ > 0.
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To end the proof of this proposition, note that from the Proof of Proposition 3.3, there is € > 0
and a unique continuous function

(25(),2 (-)) : B (0,0) — R?

such that for all @; € B¢ (0,0), M (2}, (¢1) ,2; (¢1), @1, ¢2; W) = 0. By continuity, for & = [z} (0,0)|/2,
there exists 6 > 0 such that for all @1 € Byin(s ) (0,0),

. 7;(0,0) . . z;(0,0)
7(0,0) — % <z (91) < 2(0,0) + %
Thus, when z;(0,0) < 0, by step (i) we obtain z; (¢1) < w < 0. When z; > 0, by (ii) we obtain

7 (1) > w > 0.

]

Proof of Corollary 4.2. We show that case (ii) in Proposition 4.1 is not feasible for large values
of ug. We first assume ¢y < 0 and B > 0. From (131),

2
sign (Y (N, @, u}) ) = sign (N(szl - ug) . (132)

Setu | := 2@y /(N +1). It follows that if ¢y <0 and u) > uf |, then ¥ (N, ¢, u}) < 0. Thus, (ii)
in Proposition 4.1 is not feasible as f; > 0.
Next, we assume that ¢y > 0 and B > f(N) 9. We verify (see Gumbel _N.nb) that for all

O >0and N > 2,
{Y(Na O, 1Y) < f(N) g for any u > ”2,2’ 133
S(N) o <7 (N, o) for any u) < u,,
where (v X ,
W (N ;2N —2N +2N+2)q)kk' (13
’ N3 (2N3+N?—-3N —2)

In particular, if «{ > u? ,, then case (ii) in Proposition 4.1 is not feasible as B > f (N) @y

We finish the proof with a piecewise definition for ﬁ,(g,

0 ifgu <0
=t MO0 (135)
) if ¢ > 0,
where u | =2¢y/(N+1) and u} , is given by (134).
[

Proof of Corollary 4.3. For each k € {b,s}, let u? € R, ® € R*? and f; > 0. From (91), as
N — oo, the FOC of (4) becomes

—u) — Bi(zx +1) =0, for each k € {b,s}.

0
Thus, limy e zj = — (g—i + 1). Moreover, limy ;.. Nx; = 1 and limy .. p; = B. The solution of

the equation z; = 0 when N — oo is B = —u if u < 0. If u) > 0, then limy 0.z} <O.
O
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Proof of Proposition 4.4. Recall from (77) in the Proof of Proposition 3.2,
p=0Q(2")— Bz —uy,

where Q(z*) = (0(z}), ®(z}))?, (-) and 2* are given by (76) and (91), respectively. We want to
compute the following quantity when ¢; =0,

ap;
8u2

(])/(kezj2 8z7€‘
— - —1, ke{b,s}. (136)

By (94), z; is uniquely characterized by Mj (z;;,z;“, 0, ¢; l,t/) + ug — u,g = 0. It follows that

9z [a(Mk (25,20, 923 9) + )

-1 —1
_ _ a]Mk (ZZJ::O,(PZ;W) (137)
3u2 0z ’

dzk

where 2M(55002)

” is given by (99). After plugging (137) into (136), we show (see Gum-
bel_N.nb) that

8p;: _ _np,u (Z]taﬁkaq)kk?N)
aug ¢1=0 dp,u (Zz7ﬁk7¢kk7N) ’

(138)

where 1, (25, Be, 9, N) and dj, (25, B, i, N) can be written as polynomials in €% in the fol-
lowing way,

5
np7u (Z;:7ﬁk7 (Pkk?N) = Z np’u7memzk, and
" (139)
dp7u (Z;;?Bk7 ¢kk7N) = Z dp./u’memz;:.

i
o

Moreover, the coefficients n,, , ;, are as follows:

put = BE (B — Oui)
Npu2 = 2B (2BEN = 2BeN o + 07, ,
Npu3 = 6BEN? — NBZ (6N + 1) dpsc + 92 Bk (4N — 1) — 2, (140)
Npud = 2BeN* (Bx — Ore) (2BiN — Byi) , and
Npus= ﬂsz ( I€2N2 — QNP (N+1)+ ¢k2k) .

The coefficients d), ,, », are given by
dpuo = B3,
dput = BE (B (6N — 1) — 4)
dpu2 =B (BF (15N* = 6N +1) + 4B (1 —4N) o+ 507,) ,
dpus=NBZ (20N> — 14N +4) + B2 (—24N* + 1IN — 1) i+ B (10N —3) 9% — 207,
dpus = BN (NBZ (I5N* — 16N +6) + By (—16N? + 10N — 2) ¢y + (SN —2) 92) ,
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dpus = BN? (NBZ (6N* —ON +4) + By (—4N? +3N — 1) ¢ + 92, ) , and
dpus =B (N—1)°N*. (141)

Because the expressions determining n, (z,t, Br, Oxics N ) and dp, , (z,t, Br, Oxx, N ) are complex,
we focus on finding sufficient conditions for these expressions to have a specific sign for all z;.
Case (i): % 0 < 0. We verify in the supplementary file Gumbel N.nb that n,, and d, ,
k 1=

(see (139)) are positive, if either of the two conditions below, (i-a) or (i-b), hold:
(i-a) ¢ <0, N >2and B > 0.

(i-b) @x >0, N > 2 and B > gpu(N, i), Where g, (N, @ri) is the largest real root of the third
degree polynomial 7, ,, 5 (viewed as a polynomial in f3).

Using the quadratic formula, we verify that n,, s (see (140)) has three real roots and that
8p.u(N, Pk ) is linear in ¢y and can thus be expressed as g, 4 (N, Pux) = &p.u (N) Pk Where

<N+ \/(N—l)(N+3)-|—1>
2N '

gpu(N) =

Case (ii): % 0 > 0. We verify in the supplementary file Gumbel N.nb that n, , and d, ,

(see (139)) are negative and positive, respectively, if the condition below, (ii), holds:

(i) ¢k >0, N >3 and f(N)Pui < Br < fpu (N, Oxx), where fp, (N, §ric) is the largest real root
of the third degree polynomial 7, , » (viewed as a polynomial in f).

Using the quadratic formula, we verify that n,,> (see (140)) has three real roots and that
fp.u(N, §ii) is linear in ¢ and can thus be expressed as f, . (N, @uk) = fp.u (N) Pri Where

1 N-2
fp,u(N) =§< T+1>

We now show that the limits in (27) hold. From (95) and (101), the function My (zp, 25,0, ¢2; ) +

ug is strictly decreasing w.r.t. z; and it approaches £oo as z; approaches Feo. Thus, if z; is the

unique solution to M}, (zZ,zj,Q 02; l;/) + ug = ug, as ug — oo, M, (zz,zj,o, 0; 1;/) — oo and there-
fore, z; — —oo. It follows that lim 7; = —oo. Similarly, lim z;, = o0. From (77) and (94),

it follows that

(Be+ € (BN — o)) (ﬁk (Ve + 1)2 — &% ¢kk)

*

= - - - - . 142
Px (1+Ne%) (B (14 (N —1)e%) (1+Nek) — ey ) (142)
Taking limits in the above expression yields,
. . N Oxk
1 = - d
g NPTy
lim p; = B
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Finally, we show that there exists € > 0 such that for any (@, @s) € Be(0), (i) and (ii) in
Proposition 4.4 hold. From (76), (77) and (91), dp;/ 8u2 is a rational function w.r.t. (@ps, @sp).
Moreover, at (@, 05) = (0,0), the partial derivative dp}/du is given by (136). Thus, dp}/du
is continuous w.r.t. (@, @5) at (0,0). We conclude that there exists € > 0 such that for any
(Qps, ds) € Be(0) C R?, cases (i) and (ii) in Proposition 4.4 hold true. O

Proof of Proposition 4.6. Using (142) from the Proof of Proposition 4.4 and (76), we can write

h (Bt e (BN = 0x0)) (B (Ve +1)° = et g
T Ned 1) . * ——, ke {b,s}. (143)
P=0 (Net + 1) (Be (N —1) % + 1) (Net + 1) — ey

*

o,

It follows that % = %ﬂi‘* 8—275, where "—ZE is given by (137). We show (see Gumbel _N.nb) that
g | ;=0 % duy Ju)
aﬂ:]j :_nﬂ:,u (Z]tvﬁkvq)kka) (144)
8“2 ¢1=0 dﬂ?,u (Z[taﬁka¢kk7N) ’

where nz (2§, Br, 9k, N) and dru (2}, Be. 9, N) can be written as polynomials in €% in the fol-
lowing way:

6
n?’C,bt (thv B/ﬁ ¢kk7N) = Z nﬂ',u,memzka and
m=1 (145)

7
dﬂ7u (Z;;7 Bk? ¢kk7N) = Z dn"u?memzz .
m=0

Moreover, the coefficients ny , », are as follows:

nn’,u,l — Bk37
nxu2 = BE (SBeN —49u)
nus = Pr (10BEN” +2Bi (1= TN) i + 505 (146)

Ngus = 10BN +2NBZ (2 —9N) i+ Br (ON —2) 92 — 207,
Nrus = PN (SBZN? + 2Ny (1 —5N) i + (4N — 1) 92,) and
N6 = BN? (BEN? — 2BN* @ + 02 ) -

The coefficients dr , », are given by
druo =B,
drut = BE (B (TN —1) —49i1) ,
druz = B (B (2IN* = TN +1) +4B (1 - 5N) duc+ 507
dru3 = NBP (35N> —20N +5) + B2 (—40N? + 15N — 1) @ + B (15N — 3) ¢ — 2072,
drus = N*BZ (35N* —30N +10) + NBZ (—40N* + 21N — 3) ¢ + SNBx (BN — 1) 9F — 2N},
drus = BN? (NBZ (21N? — 25N +10) + By (—20N? + 13N = 3) ¢ + (SN — 1) 02 ,

drue = BeN? (NBE (TN? — 1IN +5) + B (—4N? +3N — 1) ¢ + 9, , and
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drus =B (N—1)*N°. (147)

Because the expressions determining nzy (2}, B, 9ix, N) and dz, (25, Br, $xk, N) are complex,
we focus on finding sufficient conditions for these expressions to have a specific sign for all ;. We
verify in the supplementary file Gumbel_N.nb that ny , and d , (see (145)) are positive, if either
of the two conditions below, (i-a) or (i-b), hold:

(i-a) ¢ <0, N > 2 and B > 0.

(i-b) @gx >0, N > 2 and By > gru(N, @), where gz (N, @rz) is the largest real root of the third
degree polynomial ny , ¢ (viewed as a polynomial in ;).

Using the quadratic formula, we verify that ny, ¢ (see (146)) has three real roots and that
8r.u(N, @) is linear in ¢y and can thus be expressed as gz (N, Opx) = &r.u (N) i Where

N—1+1
N3 N

8rmu (N):=

We now show that the limits in (29) hold. From the Proof of Proposition 4.6, we have that

limug el = —° and limug __wZ = o (see the paragraph above (142)). Taking limits in (143)
yields,
. * ¢kk
| T = — d
I v Py @
lim m; =0.
Uud—so0

Finally, we show that there exists € > 0 such that for any (@, @) € Be(0), the first part in
Proposition 4.6 holds. From (76), (77) and (91), dx;/ 8u2 is a rational function w.r.t. (@, Ogp).
Moreover, at (@p, §gp) = (0,0), the partial derivative J; / 8u2 is given by (144). Thus, dm/ 8u2
is continuous w.r.t. (@ps, @5p) at (0,0). We conclude that there exists € > 0 such that for any
(@ps, 0s) € Be(0) C R2, the first part of Proposition 4.6 holds true. N

Proof of Proposition 4.7. Plugging (142) from the Proof of Proposition 4.4 and (76) into (30), we
obtain

B (1+ N + Bt (N — 1) e +3) (14 Nek) — 267 97

o=0 (1+New) (B (1+ (N —1)e%) (1+Net) — e ) (148)
+ e+ B (In(N+1)+7y), ke{b,s}.

CS;

It follows that aac f{t = aac E’t a—Z’E, where a—z’g is given by (137). We show (see Gumbel _N.nb)
g | @ =0 7 duy, duy,
that
8CS; __Ncsu (Zza Bka (pkkaN)

= " ) (149)
ou lo1=0  desu (25, B, Ok, N)
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where ncs., (25, Be, ks N) and dcs . (25, Brs 9ux, N) can be written as polynomials in e% in the
following way,

5
nesu (2 Be O N) ==Y nesume™*,  and
m=l (150)

6

*

des (2 B O N) ==Y, desume™
m=0

Moreover, the coefficients ncs , » are as follows:

nesu) = Be (Be—20k)
nesu2 = 2P (2BEN + B (1 — 4N) G + 207, ) |
nesus = 6BN? + B (—12N? +5N — 1) ¢ + B (8N —3) 92, — 207, (151)
nesua = 2PN (2BEN? + B (—4N? +2N — 1) ¢+ (2N — 1) 92 ) and
ncsus = BN (BEN? + B (—2N* + N — 1) due + 0F) -

The coefficients dcsym = dpum for all m € {0,...,6} where dpum 18 given by (141). Because
the expressions determining ncs (z,t, Br, Orx, N ) and dcs (z,t, Bi, Oxx, N ) are complex, we focus
on finding sufficient conditions for these expressions to have a specific sign for all z;.

Case (i): ‘%Sg’t 0 > 0. We verify in the supplementary file Gumbel _N.nb that ncg , and dcs ,

(see (150)) are positive, if either of the two conditions below, (i-a) or (i-b), hold:
(i-a) ¢ <0, N > 2 and ﬁk > 0.
(1-b) @xx >0, N > 2 and ﬁk > 20kk-

Case (ii): % < 0. We verify in the supplementary file Gumbel N.nb that ncs , and dcs
k 1@1=
(see (150)) are negative and positive, respectively, if the condition below, (ii-a), holds:

(ii-a) Pk >0, N> 2 and f(N) O < Br < fesu (N, @), where fes (N, @pr) is the unique real
root of the third degree polynomial ncs , 3 (viewed as a polynomial in f).

We next verify that ncg, 3 indeed has a unique real root and that fcg (N, @i ) is linear in @y
and can thus be expressed as fcs, (N, @) = fesu (N) dx. We note that ncs .3/ (6N?) has the

standard form
ncs.u3

6N?
where by, b1 and b, depend on N and ¢y;. We first clarify why this polynomial has a unique real
root using Cardano’s condition. We define # := 3(3by — b3), s := 5-(2b3 — 9baby +27hy) and
Ay := (s¢/2)% + (1;/3)3. Equivalently,

= B + b2 + b1 By + bo, (152)

(144N* — 264N3 + 103N* — 10N + 1) 2,

ty=—
k 108N4
1728N% — 4752N° + 4356N* — 1106N3 + 192N2 — 15N + 1) ¢3
o L il T D0 g (53)
2916N6
_ (4608N® — 11136N° + 6944N* + 408N> — 9TIN? 4+ 18N — 1) ¢,
ke 139968N38 '
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For each k € {b,s}, if ¢y > 0 and N > 2, then A, > 0. It thus follows that ncs , 3 has a unique real
root given by

by

o= Car(sk,Ak)—?, (154)
where by = (—12N?+5N — 1) ¢/ (6N?) and Car(-, ) is given
Car(sg,Ay) := (—sik+\/A_k>l/3+ <—s§k—\/A_k>l/3. (155)
For ¢y > 0, it is not difficult to see that « is linear in @, SO we can write
fesu (N) = o/, (156)

where o 1s given by (154).

Finally, we show that there exists € > 0 such that for any (@, @s) € Be(0), (i) and (ii) in
Proposition 4.7 hold. From (76), (77) and (91), dCS;/ 8u2 is a rational function w.r.t. (@, @ ).
Moreover, at (@5, @s) = (0,0), the partial derivative dCS;;/ aug is given by (149). Thus, dCS;/ 8u2
is continuous w.r.t. (@, @5p) at (0,0). We conclude that there exists € > 0 such that for any
(0ps, Psp) € Be(0) C R2, cases (i) and (ii) in Proposition 4.7 hold true. L]

Proof of Proposition 4.8. Suppose that N > 2 and for each k € {b,s}, (¢, Br) satisfies (23).
Assume that @1 = (@, ¢5) = 0. From the proof of Proposition 3.5, M,S does not depend on z; for
J # k (see (122)). Moreover,

lim M (z,25,0, @25 W) = oo, (157)

Zf—r—o°
and M{ (zp, 25,0, @25 y) is strictly decreasing in z for all z; € R. From (122), we compute

20k

0T N —Be(14N) —ul. (158)

Mkc (ZthSaOa ?2; ‘l/)

The only root of (158) as a polynomial in f3 is given by

20 —u) (N+1)
YN, G ) = kk(Nb;lil)z :

Observation (i): The condition B > YC(N, ¢kk7u2) implies that (158) is strictly negative. We
combine this fact with (157) and the facts that MkC (2,25, 0, @23 W) is strictly decreasing in z; Vz; €
R and zg is the unique solution of M,S (2p,25,0, @25 W) = 0 to conclude that zg <0.

Observation (ii): If B < Y°(N, O, ug), then (158) is strictly positive and thus zg > 0.

The Proof of Proposition 3.5 implies that there is € > 0 and a unique continuous function

(zE(~),z§(-)) . B¢ (0,0) —» R?

(159)

such that for all @ € B¢ (0,0), M€ (5, (@1),25 (91),91,92:y) = 0. By this continuity, for & =
2£(0,0)]/2, there exists & > 0 such that for all @; € Buin(s.¢) (0,0),

|2 (0,0)]
2

£0.0]

ZE (0,0) — 5

<z (@1) <2 (0,0)+
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C L e % (070) C
Thus, when z;7(0,0) < 0, by observation (i) we obtain z; (@) < < 0. When z; > 0, by

observation (i1) we obtain zg (1) > G (0 0 > 0. Concluding the proof of the Proposition.
[
Proof of Corollary 4.9. Note that from (131) and (159),
Y (N, Gk, 1) — ¥< (N, Oy 1))
B 2(N—1)¢kk+(—N2+N+2)u2+\/N2(N+1)2(u2)2+4(1v2—1)¢,3k—4(1v—1)(N+1)2ug¢kk : (160)

2(N+1)?

From (132) and the Proof of Corollary 4.2, if y (N s Otk ug) > 0 then,

either (@, < 0 and ug < Ok

>0
_N+1)0r¢kk_

Suppose that (¢ < 0 and u) < 1%,‘_’)&’;) By (160), ¥ (N, ¢k, u) > ¥ (N, $, u?). On the other

hand, if @ > O then (160) implies that y (N s Ok ug) > }/C (N s Ok ug)
[

Proof of Corollary 4.10. First assume ¢ < 0 and B, > 0. From the definition of Y°(N, ¢y, ug)
in (159), if u,? > 2¢y /(N + 1), then Y<(N, (])kk,u,?) < 0. In this case, statement (ii) of Proposition
4.8 is not feasible as f; > 0.
Now assume that @ > 0 and B; > g?’;\’} The unique ¢ such that Y (N, @, &) = 2% is given
by
-0 2(N (4N —19)+4) ¢k

Mk:_

2IN(N+1)
If ug > uk, then yc N ¢kk,uk) g%\’} Thus, statement (ii) in Proposition 4.8 is not feasible as
By > 8ui
2IN*
We finish the proof with a piecewise definition for ﬂ,?,
20, .
i = {IW;EN(4N—19)+4)¢ o =0, (161)
v iG>0
O

Proof of Proposition 4.11. First, we set @; = (@ps, §5p) = 0. From (94) and (122), we obtain

Br (N —1)e* (ﬁk (Ne*+1)* — ezk(l’kk)
— (162)

. C . _
Mk(zbaZbO?%’W)_Mk (Zb7ZS’O7(P2’lI/) - ﬁk((N )ezk_|_1)(NeZk+1)_eZk¢kk

Step (i): If ¢gx < 0 or (@px > 0 and By > f(N) ¢sx), then (162) is strictly positive for all
7t € R. The proofs of Propositions 3.3 and 3.5 imply that the functions My (zp,25,0, @2; W) and
MkC (25, 25,0, @23 W) are independent of z; for [ # k and are strictly decreasing on z;. It follows that

* C
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Again, from the Proofs of Proposition 3.3 and 3.5, there is € > 0 and unique continuous
functions (2} (+),z5 (*)) : B¢ (0,0) — R? and (2§ ()25 (+)) : B¢ (0,0) — R? such that for all
(p] G Bg (O, O),

M (z5 (1), (@1), 01,005 9) =0 =M (Zbc((Pl)stc((Pl),(Ph(PZ;lI/> : (163)

By continuity, there is € > 0 such that z; (¢1) > z; ((pl) for all @; € Bz (0,0).
Step (ii): By (17) and (22), x; = @ (z;) and x{ = @ (zf) where ®(z) = =". Note that
@' (z) >0 forall z € R. Then, x} = () > o (z¥) =¥ forall ¢; € B;(0,0).
Step (iii): From (12), the function p (z) = ®Q (z) — Bz — u determines the equilibrium prices

py, and pg. Note that

Jd
—apk = P’ (2x) — P =
<k

e — By (Ne% 4-1)°

164
(New +1)? (o4

The function z; —

v Zkz ) has a unique maximum over R at zk log (Ilv) and such maximum
is given by 4. av- Then, (164) is strictly negative for all z; € R when either ¢y < 0 or (¢ > 0
and By > f—%) Moreover, from (18), f (N) ¢y > f—% for all N > 2 and ¢y > 0. Then, for ¢; =0,
Pi =Pk (Z,t) < P (zg) = pg. By step (i) and continuity, there is & > 0 such that p; (zlt((pl)) <

pS (5 (¢1)) for all @ € By (0,0).
0

Proof of Proposition 5.1. Recall from (77) in the Proof of Proposition 3.2,
pF=0Q(2") — Bz —uy,

where Q(2*) = (0(z}), 0(z}))", @(-) and z* are given by (76) and (91), respectively. We want to
compute the following quantity when ¢; =0,

op; 2z do (z} 7% dw(z
K = (9 (z0) = Be) 5%+ b a;z%k)w"j( o' )aj\§+ ajv)) G A
(165)
By (76), ®(z}) = 1/(e % +N), then
e %k
CO/ = and
(Zk) (ele’;+N)2 (166)
Jo(zg) 1

ON (e_zlt +N)2‘

After differentiating both sides of the two equations in (91) w.r.t. N, we can write dz; /JN at

0 = (¢bs; ¢sb) =0,

&‘*’; — Vss )
[iN] - {_d : } [ 0 (2) + (200 — oLy + ) a(SV*) (167)
=0 =

e c -—a me + (204 — OupdsLs + hy) 22
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where Jy := ad — bc and

Nz 9 [dyL
a= (D(Zb) (a_zb_¢ss%) )

dh d [dyL
b=w (ZZ) (a_Z[l: — Pss [aIZ?b b] ) + (2¢bh — OssdpLp + hb) o' (ZZ) - Bb;

d [hs - ¢bbdsLs]

(168)

c=o(7) 5 + (2055 — PppdsLs + hs) © (2F) — By, and
0 [hy — OppdsL
d= o) T

Moreover, recall that Ly, dj. and hy, for k € {b,s} are given by (15). After plugging (168) into (167)
and then plugging the resulting expression into (165), we show (see Gumbel _N.nb) that

_ np (Z]taﬁkaq)kk?N)
=0 d(Z;;ﬁk;(pkkaN) ’

Ip;
ON

(169)

where n,, (z,’z, Bi, Ok, N ) and d (z,t, Br, Oxx, N ) can be written as polynomials in €% in the following
way,

6
np(ZZ7ﬁk7¢kk7N) = Z nm’pemzk, and
"o (170)

6
d (25, Br, Pk, N) = Z dye™ k.
m=0
Moreover, the coefficients n,, , are as follows:

nyp = By (G — Br) »
n3p = —PBE (4BEN + Bt (1 — 4N) +2¢7)
nap = B (—6BIN* + 2B puN (BN — 1) + o2, (3 —4N) + ¢2,) , (171)
nsp = —PBx (4PN + B ouN* (1 —4N) + BrdZN (2N —3) + 97, ) , and
ne.p = BN* (O — Br) -

The coefficients d,, are given by
do = B,
di = BZ (B (6N — 1) —49u) ,
dy = B (BE (15N> — 6N + 1) + 4B (1 — 4N) o + 507, ,
d3 = BN (20N — 14N +4) + B2 o (—24N? + 11N — 1) + B2 (10N —3) — 293,
dy = BN (BEN (15N — 16N +6) + i@ (16N> + 10N —2) + (5N —2) 97 ) ,
ds = BiN? (BZN (6N* —ON +4) + Bidui (—4N* +3N — 1) + 97 ) , and

ds = B (N —1)>N*. (172)
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Because the expressions determining n, (25, By, i, N) and d (2}, Br, oux, N) are complex, we
focus on finding sufficient conditions for these expressions to have a specific sign for all z;.. Note

that not all the coefficients in {dm}fnzo can be simultaneously negative because dy > 0. Thus, we
focus on finding the regions for which d,,, > 0 for each m =0,... 6.

Case (i): % < 0. We verify in the supplementary file Gumbel N.nb that n, and d (see

(170)) are negative and positive, respectively, if either of the two conditions below, (i-a) or (i-b),
hold:

(i-a) @gr >0, N >2 and ﬁk > Ok

(i-b) ¢ <0, N >2 and By > g,(N, ¢sx), Where g, (N, ¢xx) is the largest real root of the third
degree polynomial ns ,, /B (viewed as a polynomial in f3).

We next verify that ns , /By has three real roots and that g, (N, ¢k ) is linear in ¢y and can thus
be expressed as g,(N, o) = gp (N) Prx. We note that ns /(B (4N?)) has the standard form

nsp

Pi(4N7)

where ¢, ¢1 and ¢, depend on N and @;. Following the proof of Proposition 3.3, we use Cardano’s
formula to define

=B + o + 1B+ co, (173)

(16N —32N +37) ¢,

1 2
Iy = §(3C1—C2):— 48N2 s
1 (64N — 192N% + 264N —271) ¢},
SK 1= 5 (202 9crcy +27¢) = — T Kk and (174)
64N+ — 96N> +52N% 4 108N —211) ¢
A= (/2P + (/3 = b S
k= (sk/2)"+ (%/3) 27648 N6

For each k € {b,s}, if ¢y # 0 and N > 2, then Ay < 0. It thus follows that ns , /By has three simple
real roots given by

) 0+2j
oj=2 §cos( +3 ]71:)_2_2, for j=0,1,2,
—sk/2
—(t/3)°

From (174) and (175), 6 = O(N) is a function of N and is independent of ¢y;. Moreover, for

O <0, \/—1;/3 and ¢ = — 4N 1)¢kk are linear functions of ¢y;. Thus, for ¢y < 0, the three
simple real roots of ns ,/Bx can be ertten as

(175)
0< 6 <m, and cos(0) =

OCjZWj(N)(Pkk. (176)
We can thus write g,(N, §uk) = &p (N) O, Where

gp(N) = Jrr}fl;fz{wj( )} (177)
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From (171) and (173),
= B7 — oul5i-

li
s ﬁk<4N3>

Thus, for @ < O the quantity g, (N) ¢ approaches 0 as N — oo.
Case (i1): 5+ > 0. We verify in the supplementary file Gumbel _N.nb that n, and d (see

P1=
(170)) are posmve if elther of the two conditions below, (ii-a) or (ii-b), hold:
(ii-a) ¢gre >0, N >3 and f(3) P < i < %d)kk, where f(3) is given by (18).

(ii-b) @k >0, N >4 and f(N) O < Bx < fp (N, Ppi), where f, (N, @i ) is the unique real root of
the third degree polynomial ny ,/Bx (viewed as a polynomial in fB;).

We next verify that ng ,, /B indeed has a unique real root and that f,, (N, ¢x) is linear in ¢y and
can thus be expressed as f,, (N, o) = f» (N) $rx. We note that ng /(B (—6N?)) has the standard

form
N4y

Br(—6N?)
where by, b1 and b, depend on N and ¢y;. We first clarify why this polynomial has a unique real
root using Cardano’s condition. We define

= B + ba B¢ + b1 B + bo, (178)

(18N? —48N +29) 92,

=
g 54N2 ’
(108N? — 432N% + 630N — 85) ¢,
5 1= — (179)
Sk 1458N3 , and
i (72N* — 168N° — 88N2+556N—171)¢kk
L 34992N6

For each k € {b,s}, if ¢y > 0 and N > 4, then A, > 0. It thus follows that ns p/ B has a unique
real root given by

~ b
(~Xj = Car(fk,Ak) 2

= (180)

where b, = (1 —3N) ¢/ (3N) and Car(-,-) is given
s 1/3 s 1/3
Car(sy, Ay) i= (—5"+ Ak> + <—3"— \/Ak> . (181)
For ¢y > 0, it is not difficult to see that &; is linear in ¢y, so we can write

Ip (N) = 0/ G (182)

where @& is given by (180). Finally, for any ¢ > 0, by (178)

1\1,13})0 W = BE(B — $uk)-

It thus follows that f}, (N) ¢x converges to @i as N — oo
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From (ii-a) and (ii-b), it follows that %\(plzo > 0 whenever N > 3, ¢y > 0 and f(N) ¢ <
Bi < fp (N) ¢k, where the definition of f,,(N) is extended to include the case N = 3 as follows,

2 N=3
N 3 ’
TN} = {aj/¢kk N >4, (183)

where @; is given by (180).

Finally, we show that there exists € > 0 such that for any (@, @s) € Be(0), (i) and (ii) in
Proposition 5.1 hold. From (165), (167) and (168), dp;/dN is a rational function w.r.t. (@ps, Psp).
Moreover, at (s, @s) = (0,0), the partial derivative dpy/dN is given by (169). Thus, dp;/IN
is continuous w.r.t. (@, @5p) at (0,0). We conclude that there exists € > 0 such that for any
(@b, ds) € Be(0) C R?, cases (i) and (ii) in Proposition 5.1 hold true. O

Proof of Proposition 5.2. Using the same ideas from the Proof of Proposition 5.1, we want to
compute the following quantity when ¢; =0,
INY) . o
oN NGNS

(184)

By (76), x; = - 1+N. Then,

77*
z

ox; -1 .07}

= 1 — _Zk_k .

ON (e—zz+N)2( ‘ &N) (185)
Using (167) and (185), we show (see Gumbel N.nb) that

d (Nx;) _ MNx (26> Br> G N)
ON 01=0  dny (Z/t>ﬁk>¢kk:N),

(186)

where

6
nnx (25 Brs 9o N) := Y myxe™  and
" (187)

7
dnx (2, B, Qs N) := Y, dim €™

Moreover, the coefficients n,, y. are as follows:

niNx = ﬁ]?»

nane = BE (B (5N — 1) — 40t ,
n3nx = P (B (10N> —4N + 1) + 2B, (2—TN) ¢ + 502, ,
nane = BN (10N? — 6N +3) + B2 @i (—18N? + 10N — 1) +3BgZ (BN — 1) — 29,
nsne = BN (BEN (SN? — 4N +3) + 2B (—SN? +4N — 1) + (4N —3) ¢2,) .
ne Ny = BEN* (BN (N* =N +1) — (2N* —=2N + 1) ) - (188)
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The coefficients d,, yy are given by

donx = BE,
dine = B¢ (Be (TN = 1) —4¢ur) ,
dony = B (BE (2IN? —IN+1) + 4B (1= 5N) o + 507, ) »
d3 e = SBEN (TN? —4N + 1) + B2 9w (—40N? + 15N — 1) + 3B, (SN — 1) 9% — 267,
dane =N (SBN (TN* — 6N +2) + B (—40N> + 21N —3) + 58 BN — 1) 0 — 207 ) ,
ds nx = BN? (BZN (2IN? — 25N 4 10) + B (—20N? + 13N — 3) ¢+ (SN — 1) 92, ) ,
do Ny = B> (BN (IN? — 1IN +5) + B (—4N? +3N — 1) e+ 02 ,
drne =B (N—1)°N°. (189)

Because the expressions determining nyy (2}, B, ik, N) and dyy (2}, Br, $ux, N) are complex,
we focus instead on finding sufficient conditions for these expressions to have a specific sign for
all z;. Note that not all coefficients in {dm7Nx},7n:0 can be simultaneously negative, as do yx > 0.
Thus, we focus on finding the regions for which d,, yx > 0 for each m = 0,...,7. By the previous
argument, we also focus on finding regions where the coefficients n,, yx > 0 for all m =1,...,6.
We verify in the supplementary file Gumbel N.nb that the coefficients n,, yr and d;, ny in (188) and
(189), respectively, are positive if either of the two conditions below, (a) or (b), hold:

(@) ¢ <0, N>2and f; > 0.

(b) ¢ >0, N > 2 and By > gx(N) Pk, where g (N) @y is the unique non-zero real root of ng v
(viewed as a polynomial in ;) and g(N) is given by

(2N —2N+1)
8x(N) := NN -N+1) (190)

We remark that finding the non-zero root of n¢ y, leads to a solution of a linear equation (see (188)),
so the uniqueness of the root and its linearity in ¢y are obvious. We also show (see Gumbel_N.nb)
that if N > 2, B > 0 and ¢y > 0, then g (N)@x > f (N) P

Finally, we show that there exists € such that for any (@, @55) € Be(0), Proposition 5.2 holds.
Note that from (167) and (168), d(Nx})/dN is a rational function w.r.t. (@p,, @s). Moreover, at
(@bs, dsp) = (0,0), d(Nx};)/IN is given by (186). Thus, d(Nx})/IN is continuous w.r.t. (@ps, Psp) at
(0,0). We conclude that there exists € > 0 such that for any (@ps, @s») € Be(0) C R%, d(Nx})/ON >
0 provided that either (a) or (b) above hold. ]

Proof of Proposition 5.3. Using the same ideas from the Proof of Proposition 5.1, we want to
compute the following quantity when ¢; =0,
dCS;
JdN

1 7

= I X 191
oo~ P (N+1+8N (pl—O) (1501
Using equations (165), (167) and (185), we show (see Gumbel _N.nb) that

_ nesk (2 B 9 N)
0=0  desi (7, Br, o N)

ICS;
JON

(192)
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where ncsy (25, B, $xk, N) and desy (25, Bes @i, N) can be written as polynomials in €% in the fol-
lowing way,

6
nesk (2% B Ok, N) := Y ncsie™,  and
m=0
6

desk (2 Be, O, N) := Y d csie™ .
m=0

(193)

Moreover, the coefficients n,, csx and d, csk are polynomials on { @, Br, N} and are defined, re-
spectively, as

no.csk = /3;?7
nicsk =B (B (6N —1) —4¢ut) ,
no.csk = B (BE (15N? — 5N +2) + 2B (1 —9N) o + 502, »
n3.csk = P (BN (20N? — 10N + 8) + B2 Pk (—32N% + 6N +2) + o7, (14N +1) — 297 ) ,
nacsk = Br (BEN? (15N? — 10N +12) + B2 ¢u (—28N3 + 6N? + 5N — 1) + BedZ, (13N> +2N —4) —2(N+1) ¢3,) ,
ns csk = BEN (BEN? (6N? — 5N +8) + B (—12N3 +2N% +-4N — 2) + ¢ (4N +N —4))
necsk = BN (BeN? (N* =N +2) + (N —1—=2N%) ). (194)
The coefficients d,, csy are given by
docsk =B (N+1),

dicsk =B (N+1) (Be (6N — 1) — 49i1) ,
drcsk = B (N+1) (B2 (15N> —6N +1) + 4y (1 —4N) dic + 502)
dycsk = (N+1) (B{N (20N — 14N +4) + B ous (—24N> + 1IN — 1) + g (10N —3) =297 ),
dacsk = BN (N+1) (BZN (15N — 16N +6) + B (—16N? + 10N —2) + (5N —2) 92 ,
ds csk = BN? (N + 1) (BEN (6N? — N +4) + Brdpi (—4N? +3N — 1) + 93,
dscsk = B (N—1)>N* (N +1). (195)

Because the expressions determining ncgy (z,t, Br, Oxics N ) and dcgy (z}:, Br, Oxe, N ) are complex,
we focus instead on finding sufficient conditions for these expressions to have a specific sign for

. ) 6 . .
all z;. Note that not all coefficients in {dm,CSk}m:o can be simultaneously negative, as do csi > 0.

Thus, we focus on finding the regions for which d,, csx > 0 for each m = 0,...,6.

Case (i): 968, > (. We verify in the supplementary file Gumbel _N.nb that n,,, c5; > 0 and
N 0 y pp y :

dp csk > 0forallm=0,...,6 (see (194) and (195)), if either of the two conditions below, (a-1) or
(b-1), hold:

(a-1) ¢ <0, N >2 and ﬁk > 0.

(b-1) @pr >0, N > 2 and By > gcs(N) P, where ges(N) @y is the unique non-zero real root of
ne.csk (viewed as a polynomial in f8;) and gcs(N) is given by

N3 —N+1

ges(N) = N2(N2—N+2)

(196)
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We remark that finding the non-zero root of ng cs; leads to a solution of a linear equation (see
(194)), so the uniqueness of the root and its linearity in ¢ are obvious.

... 0CS; .
Case (ii): 53* o < 0. First, we want to show that for all ¢, > 0,
Q1=
6 *
nesk (2 B, 9o N) = Y iy csie™* < 0.
m=0

Using (18) and (196), we show (see Gumbel _N.nb) that for all N > 2 and ¢y > 0,
f(N) Ok < 8cs(N) Ox. (197)
For N > 7, ¢rr > 0 and By € (f (N) Ok, 8cs(N) drx ), we show (see Gumbel_N.nb) that

nocsk > 0forallk=0,---5, and

198
N, cs6 < 0. ( )
From (198), if N > 7, ¢y > 0 and By € (f (N) Pxx, 8cs(NV) duk ), then
6 *
Y i csie™
"= . (199)

= ng,csk -+ 11 cspe® + o cspe™ 4 n3 cspe’ 4 ng cspe™ + ns csre® +ng csie® .
~ —~ —_——
>0 <0

From Proposition 4.1, if B; <y (N s Ok ug) , then z;; > 0. Moreover, by hypothesis, z; < %m 2, then
e>% < 2. It follows from (199) that

6
Y nmeske™* < nocs, +2 (n1cs, +nacs, +n3cs, +nacs, +ns.cs,) 16,05
m=0 (200)

3
=B Y ymiBY,
m=0

where yi o = —4(N+2) ¢,
yi1 =4 (2N> +7IN? +6N +1) 92,

Yi2 = — (2N° +24N* + 51N + 45N% + 18N +2) P,
k3 = (N®+ 11N> +22N* + 36N’ + 34N>+ 18N + 3). (201)
We show (see Gumbel _N.nb) that for any N > 7, ¢y > 0, z}: < %an and

F(N) ¢ < B < min{ fes(N, @) YN, G, )

the right-hand side of (200) is negative and dcsy (z}';, Bi, Oxics N ) > 0 for all z;;, where fcs(N, @) is

the largest real root of the third degree polynomial an:o)’m,k B{". Thus, aaijiz 0 <0.
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We next verify that Zr3n:0 YmiB;" has three real roots and the largest real root, fcs(N, k), is
linear in ¢y and can thus be expressed as fes(N, ) = fes(N) @ri. We define

(N+1)t(N) 92,

o

Iy i=— ,
3(NO+ 11N5 +22N* + 36N3 + 34N2 + 18N + 3)*
25 (N) ¢}
8= — s V) 9i , and 202)
27 (N®+ 11N5 4 22N* +36N3 + 34N? + 18N + 3)
i, = 46 (N) ¢,

27 (N®+ 11N5 + 22N* 4 36N3 + 34N2 + 18N +3)*’
where t (N) = Z?:Oaij, s(N) = Z}ioijj, O0(N)= Z}iochj and
{ag,...,a9} = {—32,-328,—1124,—1516,—671,577,740,364,68,4} ,
{bo,...,b1s} = {872,10098,45378,102078, 118692,39084, —73701, 98271, —22581,50841,61656,34542, 11412,2214,216,8} ,

ci6} = {—816,—9464, —42275, 92522, —97149, —4202, 113985, 130285, 40882, —40699, —51820, —24692, —4259, 1118,729,136,8} .

From (202), it follows that for any N > 7, ¢ > 0, then A, < 0. Tt thus follows that an:() ym7k[3,:”
has three simple real roots given by

f 0+2j
aj =24/ —gkcos( +3 ﬂr) — 3)}2’]( , for j=0,1,2,
Y3k /2 (203)
0< 6 <m, and cos(0) = S+3
v —(0/3)
From (201) and (203), for ¢y < 0, 8 = O(N) is a function of N and is independent of ¢;. More-
over, 1/ —%" and 3yy2—3"k are linear in @;. Thus, for ¢y < 0, the three simple real roots of 231:0 Ym kB

can be written as

dj=w;(N) P (204)

We can thus write fcs(N, ¢x) = fcs (N) @rx, Where

fcs<N) = jg})af(Z{Wj(N)}. (205)

Finally, we show that there exists € > 0 such that for any (@ps, @) € Be(0), (i) and (ii) in
Proposition 5.3 hold. From (167) and (168), d(CS;)/dN is a rational function w.r.t. (@p, dgp).
Moreover, at (@p, @) = (0,0), d(CS})/IN is given by (192). Thus, d(CS;)/dN is continuous
w.r.t. (Pps, Osp) at (0,0). We conclude that there exists € > 0 such that for any (@, @) € Be(0) C

R?, (i) and (ii) in Proposition 5.3 hold true.
]

Proof of Proposition 5.4. We want to compute the following quantity when ¢; = 0,

N~ oN kT Pkgy:
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Using equations (165), (167) and (185), we show (see Gumbel _N.nb) that

g (3 B Guo N )
01=0 dﬂ'k (ZZ)ﬁk7¢kk7N) 7

om;
ON

207)

where nz (27, Be, O, N,u?) and dyy (2, Be, 9, N) can be written as polynomials in €% in the
following way,

7
Nrk (Zz,ﬁk7¢kk,N, ug) = Z M c€™%,  and
" (208)

7
i (25, B Qs N) i= Y dip g™
m=0

Moreover, the coefficients n,, ; are as follows:
ny. ok = B (u + Bez)
3.z = BE (BZ (5N =2)z; — 1) + B (5N = 2) u) — 225 i) — 260z ) »
na ke = Br [BE (10N?zf — 2N (42 +2) +25) + B (10N =8N + 1) uf + (25 + 1 — 6Nz;) 9 )]
+Bi [Bi (u (1 = 6N) dua + 2 03) + 03] »
ns o = Br [BEN (10N?z; — 12Nz} — 6N + 325 ) + B2 (N (10N? — 12N +3) u + (2Nz} + 4N — 1) ¢ — 6N?2; o) | »
+Bi [Bedx (N (2—6N) ul + (Nzj + 25 +2) ) + (N + 1) ud 92 ]
nexk = B [BEN? (5N?z; — 2N (42 +2) +32;) + B (N* (SN* — 8N +3) u + (N*z; — 2Nz; + 5N? —2N) )| ,
+Bi [BeucN (—2N?ul) -+ Nu + (25 +2) ) + (Nuf) — 201c) 05 -
n7ax = BEN? [BeN (N*z; — 2Nzj + 25 — N) + Nup + 2N o — Qe + N ) — 2N*u)|. (209)
The coefficients d,, i are given by
do.ze = B
di ok = BE (B (TN — 1) — 4¢ii)
do zk = B (BZ (2IN? — TN +1) + 4B (1 = 5N) dpc + 507, ) »
ds zx = BN (35N? —20N +5) + B2 (—40N? + 15N — 1) i + Bi (15N — 3) §2, — 207,
dyzx =N (BIN (35N — 30N + 10) + B2 (—40N? + 21N —3) ¢y + Bi (15N — 5) 62 — 297 ,
ds gk = BN? (BEN (2IN? — 25N +10) + i (—20N? + 13N — 3) ¢ + (SN — 1) 62, ,
do zk = BN (BEN (TN? — 1IN +5) + By (—4N* 4+ 3N — 1) ¢ + 0 ,
dy = B (N—=1)*N°. (210)

Because the expressions determining nzy (z,t, Br, Oxics N ,ug) and dg; (z,t, ﬁk,¢kk,N) are complex,

we focus on finding sufficient conditions for these expressions to have a specific sign for all z;.
(i) Case % 0 < 0 : We verify in the supplementary file Gumbel N.nb that ny; and dy; (see
Q1=
(208)) are negative and positive, respectively, if either of the five conditions below, (a-i)-(a-v),

hold:
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(i) o <O,N>2,0< B < fr(N,) and zj < rz -1 (N, e, 1y, Br) where

Z?f() Ny lﬁli
r N, ) 07 = N | 2
mz (N, Ot 4 Br) BZ(N?—2N%) g+ B (5N — 8N 13N 1 pivgZ,

with coefficients given by

naz0 = OF (—Nu) + 20w ,
Nz = Now (2N?u — Nu) = 20) ,

Nrzo =N (=5N3u + 8N?ul) — 3Nu? — SN + 29 ) , 212)
nn'z73 — 4N3 .
Moreover, fr (N, @) is the largest real root of the third degree polynomial
ABIN’ + BZ (2 5N) N — 2BN G + 205, = . (213)

We clarify below that the above polynomial has three real roots and that fr (N, @) is linear
in ¢y and can thus be expressed as fr (N, o) = fr (N) O

0

(a-il) Pk <O, N >2, B > fz (N) ¢ and 7 < —%.
0
(a-iii) @gx =0, N >2, B > 0 and 7 < —%.

(@-iv) P >0, N >2, f(N) Qe < P < ha (N) oi and 2§ < rz 22 (N, Quk, ), Bi) where

2N —1
l’ln; (N) = (]V—Z), and (214)
—Nu + BeN* 4 2N?u — Nug — 2N @ + i

B (N> — 2N+ N)

rrzn (N, Qs Be) i= (215)

u0

(@-v) @ >0, N =2, and By > hy (N) @ and 7 < — 5.

For completeness, we quickly verify that as stated in (a-i), (213) has three real roots and that
fr (N, ¢pe) is linear in ¢y;. We use Cardano’s condition, for ¢y, < 0, Ag 1= (§/2)% + (#/3)> < 0,
where

. 49N? — 20N +4) ¢2
tk::—( 18N >¢kk,and
8N X (216)
. (N+2)(127N* = 32N +4) ¢},
Sk 864N0 '
We note that for ¢y < 0, fr (N) satisfies
fz(N) := max L} (217)
T =2 Lo S

where ¢ is given by (175), after replacing (fx,sx) by (k).
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The five conditions (a-i)-(a-v) can be aggregated into the following single condition: nz; and
dni are negative and positive, respectively, if (B, @, N) satisty (19) and z; < gz - (N s Ok ug, ﬁk),
where

ezt (N, O, ud, Be)  if o <0 and 0 < i < f (N) Py

rrz2 (N, Qe ud, Be)  if o > 0 and £ (N) P < B < hz (N) P,
—up/ B if ¢ = 0 or (P < 0 and B > f (N) P,
—u) / B if (x> 0 and By > hy (N) P)

gTL’,Z (NJ ¢kka”2;ﬁk) =

(218)
and the quantities rx ;1 (N, @, ul, Br), fr (N), hx (N) and rz .2 (N, @, 1, Be) are given by (211),
(217), (214) and (215), respectively.
(i1) Case %\(p] —o > 0. We verify in the supplementary file Gumbel N.nb that ny; and d; (see
(208)) are positive if either of the two conditions below, (b-i) or (b-ii), hold:

(b-i) P <O, N >2, B >0andzf > fr. (N, Ok, ul, Bi), where
fre (N, Qs s Be) = rrzn (N, Guier e Br) » (219)
and rx ;5 (N, @, u), Br) is given by (215).

(b-ii) Ppx >0, N >2, By > gn (N, §ux) and 2 > fr (N, Ok ug, ﬁk) , where g (N, ¢ is the unique
real root of the third degree polynomial

BIN? (N? = 1) + BEN (=TN +10N? = SN + 1) g + BiV (6N* — TN +3) ¢ — (2N? = 2N + 1) 9.
(220)

We next verify that the above polynomial indeed has a unique real root and that gz (N, @) is
linear in ¢ and can thus be expressed as gz (N, k) = gx (N) ¢rr.. We use Cardano’s condition,
Ay = (5¢/2)* + (T /3)? > 0, where

- (BIN®—119N3+179N*—135N3+54N*—1ON+1) o

=~ 3(N—1)2N*(N+1)2 , and

(362N°—2013N8+4878N7 —6728N0+5781N7—3186N*+1117N>—23TN?4+30N—2 ) 7
27(N—1)3N®(N+1)3 )

Sp = —

Next, we express this solution. For ¢y > 0, gz (N) satisfies

_ =~ by
gx (N) = Car(sk;)ik) — (221)

IN3*—~10N?+5N—1 o
( (N_I)Nz(N+1))¢kk and Car(+,-) is given by (181).

Finally, we show that there exists € > 0 such that for any (@ps, @) € Be(0), (i) and (ii) in
Proposition 5.4 hold. From (167) and (168), d;/dN is a rational function w.r.t. (@ps, ¢s,). More-
over, at (@ps, @) = (0,0), the derivative dm; /IN is given by (207). Thus, d7;’/IN is continuous
w.r.t. (@ps, @) at (0,0). Therefore, there exists € > 0 such that for any (@, @) € Be(0), cases (i)
and (ii) in Proposition 5.4 hold true.

where by = —

]
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